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Introduction
1. The Abhyankar conjecture for ane curves in positive charac-
teristic
In [26], Grothendieck dened the etale fundamental group et1 (X) for a scheme X as a pronite
group which controls the Galois theory for nite etale coverings of X. His construction is parallel
with the topological case. Indeed, if X=C is a complex algebraic variety, then one can calculate the
etale fundamental group et1 (X) of X as the pronite completion of the topological fundamental
group top1 (X(C)) of the associated analytic space X(C),
et1 (X) ' top1 (X(C))b:
In fact, by the Lefschetz principle, this description can be adopted to any algebraically closed eld
of characteristic 0. For example, we can nd that the etale fundamental group et1 (A1k) of the ane
line A1k over an algebraically closed eld k of characteristic 0 is trivial, i.e. et1 (A1k) = 0 because the
associated Riemann surface A1(C) is simply connected.
However, if the base eld k is of positive characteristic p > 0, then the situation is more
complicated. For example, it is known that the etale fundamental group et1 (A1k) of the ane
line A1k over an algebraically closed eld of characteristic p > 0 is highly nontrivial. Indeed, the
Artin{Schreier coverings of A1k contribute to make the fundamental group big,
dimFp Hom(
et
1 (A1k);Fp) =1:
In particular, et1 (A1k) is far from topologically nitely generated. The etale fundamental groups in
positive characteristic p > 0 are much more dicult to analyze.
The Abhyankar conjecture for ane curves (cf. Theorem 1.1.11) provides one of ways to under-
stand the etale fundamental groups for ane curves in positive characteristic p > 0. This partially
describes the etale fundamental group et1 (U) of an ane smooth curve U in positive characteristic
p > 0 from the viewpoint of the inverse Galois problem. In [1], Abhyankar asked which nite groups
occur as a quotient of et1 (U) for an ane smooth curve U dened over an algebraically closed eld
k of characteristic p > 0 and proposed a conjectural answer to the question. The conjecture was
solved armatively by Raynaud and Harbater [56] [29] (see Chapter 1). As we will review in Chap-
ter 1, the Abhyankar conjecture says that contrary to the etale fundamental group et1 (U) itself,
the inverse Galois problem for U has a concise answer and the nite quotients of et1 (U) can be
completely determined by the topological one top1 (U(C)) of the Riemann surface U(C) of the same
type (g; n), where g = dimkH
1(X;OX) denotes the genus of the smooth compactication X of U
and n denotes the cardinality of the complement X n U of U .
The Abhyankar conjecture. (Raynaud{Harbater's theorem) With the above notation, let G be
a nite group. Then G occurs as a quotient of et1 (U) if and only if the quotient G
(p0) = G=p(G)
can be generated by at most 2g+n 1 elements, where p(G) is the normal subgroup of G generated
by all the p-Sylow subgroups.
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More precisely, by a theorem due to Grothendieck, the maximal prime-to-p quotient et1 (U)
(p0)
can be calculated as the pro-prime-to-p completion of top1 (U(C)) (cf. Corollary 1.1.9) and this
description immediately gives a necessary condition in order that a given nite group G appears
as a quotient of et1 (U) (cf. Remark 1.1.13(2)). The Abhyankar conjecture says that this necessary
condition is also a sucient condition for the ane curve U . The suciency is highly nontrivial
even in the case where U = A1k the ane line. Actually, the conjecture had been widely open until
Serre gave a partial answer to the problem in the case U = A1k in 1990 [65] (cf. Theorem 1.1.18).
After the breakthrough due to Serre, in 1994, Raynaud solved the conjecture for the ane line A1k
armatively, and soon after, Harbater solved for general U .
2. A purely inseparable analogue of the Abhyankar conjecture
The main topic of this thesis is a purely inseparable analogue of the Abhyankar conjecture, which
the author proposed as a problem in his original paper [51]. This particularly asks an inverse Galois
problem for purely inseparable coverings. To formulate such an analogous problem, we shall use the
notion of Nori's fundamental group scheme, which we recall in Chapter 2.
In [43] [44, Chapter II], Nori gave one of tools to deal with arbitrary (not necessarily etale)
nite at coverings in a Galois theoretic way. In fact, he introduced a new invariant N(X), which
he called the fundamental group scheme, as a generalization of Grothendieck's geometric etale
fundamental group et1 (X k k) for a scheme X dened over a eld k. The fundamental group
scheme N(X) (if it exists) is a pronite k-group scheme which classies G-torsors over X, where
we can take as G an arbitrary (not necessarily etale) nite k-group scheme. In the case where k
is of characteristic 0, then, by a theorem of Cartier, any nite k-group scheme G is etale and the
fundamental group scheme N(X) does not give a new invariant. In fact, if k is an algebraically
closed eld of characteristic 0, then we can compute N(X) as a pro-constant k-group scheme
associated with et1 (X k k). On the other hand, if k has positive characteristic p > 0, then the
former group cannot be recovered from the latter one in general. For example, nite local torsors,
which are sometimes called purely inseparable covergins, over X make the group scheme N(X)
enlarge.
Now we can state the main problem in this thesis.
Question 1. For an ane smooth curve U dened over an algebraically closed eld of characteristic
p > 0, which nite local k-group schemes G occur as a quotient of the pronite group scheme N(U)?
As a rst step, we shall seek a conjectural answer as in the classical case. Recall that the maximal
prime-to-p quotient et1 (U)
(p0) of Grothendieck's etale fundamental group plays an important role in
the classical Abhyankar conjecture. Indeed, it has a simple description, which makes a (conjectural)
answer to be a concise one. At least, also in our case, the tame part of N(U) should give a necessary
condition for a given G to appear as a quotient of N(U). In Chapter 3, we will discuss on a
tameness condition for arbitrary (not necessarily constant) group schemes. Actually, as the tameness
condition, we shall adopt the notion of linearly reductive. Hence, the maximal linearly reductive
local quotient of N(U) will be an alternative to the prime-to-p fundamental group et1 (U)
(p0) in
this thesis. As we will see later, it has a simple description (cf. Corollary 4.1.5) as well as et1 (U)
(p0)
does and now the previous question can be reduced to the following problem (cf. x4.1.3).
Question 2. (Purely inseparabale analogue of the Abhyankar conjecture) Let U be an ane smooth
curve over an algebraically closed eld k of positive characteristic p > 0 and G a nite local k-
group scheme. If there exists an injective homomorphism X(G) ,! (Qp=Zp)+n 1, then does G
appear as a nite quotient of N(U)? Here, X(G) stands for the group of characters of G, i.e.
X(G) def= Hom(G;Gm;k), and  is the p-rank of the compactication X of U and n = #(X n U).
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This is the main subject of this thesis, which we will discuss in Chapter 4. As the main result of
this thesis, we will give a partial armative answer to this problem (Proposition 4.1.10, Corollary
4.2.16 and Theorem 4.2.17).
Theorem I. We have the following.
(1) For any smooth ane curve U over k and any nite local nilpotent k-group scheme G, if there
exists an injective homomorphism X(G) ,! (Qp=Zp)+n 1, then there exists a surjective
homomorphism N(U) G.
(2) Let  be a semisimple simply connected algebraic group over k. Then, for any integer r > 0,
there exists a surjective homomorphism
N(A1k) (r)
of N(A1k) onto the rth Frobenius kernel (r) of .
(3) For any integers n; r > 0, there exists a surjective homomorphism
N(Gm) GLn(r)
of N(Gm) onto the rth Frobenius kernel GLn(r) of GLn.
The rst evidence (1) (cf. Proposition 4.1.10) says that our conjectural description is true at
least in the nilpotent case. This result is motivated by Serre's theorem (cf. Theorem 1.1.18). His
result involves in the conjecture for the ane line A1k and it says the conjecture is true in the
solvable case. Our result can be applicable for an arbitrary ane smooth curve, but we can prove it
only in the nilpotent case. The second one (2) (cf. Corollary 4.2.16) can be considered as a purely
inseparable analogue of Nori's theorem (Theorem 1.1.17). This provides an armative evidence for
our conjecture for the ane line A1k. The third evidence (3) (cf. Theorem 4.2.17) involves in the
case where U = Gm;k. The key ingredients of the proofs of Corollary 4.2.16 and Theorem 4.2.17 are
Bertini type theorems for nite local torsors (Theorem 4.2.14 and Lemma 4.2.19).
Our conjectural description of all the nite local quotients of N(U) might seem too good to
hold. Indeed, it says that the set of nite local quotients of N(U) might be determined by the
(p-primary torsion) character group X(N(U))[p1] = (Qp=Zp)+n 1 of N(U). For example, if the
conjecture is true, then any nite simple noncommutative local k-group scheme must be realized as
a nite quotient of the Nori fundamental group scheme N(A1k) of the ane line A1k. The following
question was proposed by Professor Dmitriy Rumynin to the author in September 2018 as a test
for our conjecture.
Question 3. Does any nite simple local k-group scheme G of Cartan type appear as a quotient
of N(A1k)?
Here, nite simple local k-group schemes G of Cartan type form a class of nite simple local k-
group schemes which cannot be realized as the rst Frobenius kernel of a smooth algebraic group in
positive characteristic. For example, let us consider the Lie algebra, called the rst Jacobson{Witt
algebra
W (1; 1)
def
= Derk(k[x]=x
p):
The algebraW (1; 1) has the restricted structure given by the pth power map of derivations, D 7! Dp,
hence it gives rise to a nite local k-group scheme of height one. If p = 2, thenW (1; 1) is not simple.
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If p = 3, it is not dicult to see that W (1; 1) is isomorphic to sl2. However, if p > 3, W (1; 1) is
far from isomorphic to any simple Lie algebra of classical type and the associated nite local group
scheme cannot be realized as the rst Frobenius kernel of some reductive group over k. Our evidence
does not contain such a kind of nite simple group schemes. This is still a work in progress.
In [29], Harbater actually proved the conjecture in a stronger form (cf. Theorem 1.1.14). He
also showed that any nite quotient G of et1 (U) can be realized as the Galois group of a nite etale
Galois covering of U which is tamely ramied above X n U except for one point. In [11], Biswas{
Borne introduced the notion of tamely ramied G-torsors for an arbitrary nite group scheme G as
a generalization of tamely ramied Galois coverings in the usual sense. Therefore, we can formulate
a purely inseparable analogue of the strong Abhyankar conjecture due to Harbater.
Question 4. Let U be an ane smooth curve over an algebraically closed eld k of positive
characteristic p > 0 and G a nite local k-group scheme. If there exists an injective homomorphism
X(G) ,! (Qp=Zp)+n 1, then does there exist a G-torsor which is tamely ramied above X n U
except for one point such that it realizes a surjective homomorphism N(U) G?
However, we have no evidence for this strong analogue except in the abelian case (cf. Corollary
4.3.20). Instead, we shall consider an inverse Galois problem over root stacks. Biswas{Borne showed
that nite at torsors over root stacks give candidates of tamely ramied torsors. Toward the strong
analogue, we shall study an embedding problem over root stacks and solve it (Theorem 4.3.19), which
is a rened version of the previous our result (1) (Proposition 4.1.10).
Theorem II. Let k be an algebraically closed eld of characteristic p > 0 and S = Spec k. Let
X be a projective smooth curve over k of genus g  0 and of p-rank   0. Let ; 6= U ( X be
a nonempty open subscheme with #X n U = n + 1  1. Let X n U = fx0; x1;    ; xng. We shall
denote by X the smooth ane curve X n fx0g and consider D = (xi)ni=1 as a family of reduced
distinct Cartier divisors on X. For each family r = (ri)
n
i=1 2
Qn
i=1 Z0 of integers, we denote by
pr
p
D=X the root stack associated with X and the data (D; pr).
(1) Let G be a nite local nilpotent k-group scheme. Suppose that there exists an injective
homomorphism X(G) ,! (Qp=Zp)+n of abelian groups. Then there exists a faithfully at
k-homomorphism
N( p
rp
D=X) G
from the local fundamental group scheme of Xp
r
onto G for some n-tuple r = (ri)
n
i=1 of integers
ri  0 such that the corresponding G-torsor over Xpr is representable by a k-scheme Y .
(2) Let G be a nite local abelian k-group scheme. Suppose that there exists an injective ho-
momorphism X(G) ,! (Qp=Zp)+n. Then there exists an n-tuple r of integers ri  0 and
a tamely ramied G-torsor Y  ! X with ramication data (D; pr) such that the restriction
Y X U  ! U gives a Nori-reduced G-torsor.
One might expect a generalization of the Abhyankar conjecture to the whole Nori fundamental
group scheme N(U), namely a problem which asks us to describe all the nite quotients of the
pronite group scheme N(U). A crucial advantage of the restriction to the etale or local quotients
is that we can get a conjectural description in either case, which is given by the maximal linearly
reductive quotient of the etale fundamental group or the local fundamental group scheme. However,
we have no concise description of the maximal linearly reductive quotient tame(U) of Nori's one
N(U), which we call the tame fundamental group scheme. The following question thus arises.
Question 5. What information on U does the group scheme tame(U) carry?
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We will discuss about this problem in the end of Chapter 3. This is based on the author's original
paper [52]. LetX be a smooth projective curve of genus g over a complete discrete valuation ring R
with algebraically closed residue eld k of characteristic p > 0 and with fraction eldK. LetD X
be an eective relative Cartier divisor of X =S which is nite etale over R with n = #D(S)  0.
Consider the open curve U
def
= X nD. We will denote by U0 and UK the special ber of U and the
generic ber of U respectively. Grothendieck's specialization theorem for the tame fundamental
group [26] (cf. x1.1.1) implies that there exists a natural surjective homomorphism between the
tame fundamental groups of UK and of U0,
t1(UK)
// // t1(U ) 
t
1(U0)
'oo
and that this map induces the following isomorphism
et1 (UK)
(p0) '  ! et1 (U0)(p
0):
Here K denotes an algebraic closure of K and ( )(p0) stands for the maximal prime-to-p quotient
of each pronite group. One of ingredients of the isomorphism is the fact that any prime-to-p
etale coverings of U0 can be uniquely lifted to U . Namely, for any prime-to-p etale Galois covering
V0  ! U0, there exists a unique (up to isomorphism) prime-to-p etale Galois covering V  ! U
such that the special ber of V is isomorphic to V0 as a nite etale covering over U0. In x3.2, we
will consider such a lifting problem for nite linearly reductive torsors. However, it is known that
there exists a projective smooth curveX over R of mixed characteristic and a pn;k-torsor Y0 ! X0
which cannot be lifted to a pn;R-torsor of X unless we replace R by a nite extension (cf. [6, 3.3]).
Therefore, we have to allow nite extensions of R. We will also discuss on the unicity of such a
lifting. To clarify the situation, here let us restrict ourselves to the proper case U =X . In the case
where R is of mixed characteristic (0; p), it is not dicult to see that a lifting of a given nite linearly
reductive torsor over U0 is not necessarily unique. Indeed, the cardinality of the set H
1
et(XK ;Z=pZ)
of isomorphism classes of p;K ' (Z=pZ)K-torsors of XK is strictly greater than the cardinality of
H1fppf(X0; p;k). On the other hand, if R is of equal characteristic p > 0, then the situation varies
depending on each family U  ! SpecR. For example, in the trivial case, i.e. in the case where
X is isomorphic to the trivial family X0 k k[[t]], then it is not dicult to see that a lifting of a
given nite linearly reductive torsor of X0 is unique up to isomorphism (cf. Corollary 3.3.10). On
the other hand, there exists a family X  ! SpecR such that the cardinality of H1fppf(XK ; p;K) is
strictly greater than the one of H1fppf(X0; p;k). The cardinality of the set of p-torsors of a smooth
proper curve X dened over an algebraically closed eld of characteristic p > 0 can be described by
the p-rank  of the Jacobian variety Pic0X , which depends on the moduli of the curve X. This is a
starting point for the moduli dependency of the tame fundamental group scheme.
As a main result of Chapter 3, we will show that the tame fundamental group scheme tame(U)
itself is not independent of the eld of denition of a given curve U (Theorem 3.3.16).
Theorem III. Let Mg;n;Fp
def
= Mg;n Z Fp be the coarse moduli space of n-marked projective
smooth curves of genus g in positive characteristic p > 0. Fix an algebraically closure 
 of the
residue eld of the generic point of Mg;n;Fp . For each geometric point x of Mg;n;Fp , we denote by
(Cx; p1;x; : : : ; pn;x) the associated n-marked curve and by 
tame(x) the isomorphism class of the
tame fundamental group scheme of Cx n fp1;x; : : : ; pn;xg. Then we have the following.
(1) Suppose that 2g   2 + n > 0. For any closed point u 2Mg;n;Fp , we have
tame() 6= tame(u);
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where  is the generic point ofMg;n;Fp . Therefore, for any nonempty open subsetW Mg;n;Fp ,
there exist two points v0; v 2W with v0 a specialization of v of codimension one such that
tame(v) 6= tame(v0):
(2) Suppose that g  2. Let k be an arbitrary algebraically closed eld of characteristic p > 0.
For any proper integral closed k-subscheme Z  Mg;n;k of dimension one with the generic
point t, then there exists a closed point s 2 Z such that
tame(t) 6= tame(s):
The main ingredient of our proof is the solution of a lifting problem of nite linearly reductive
torsors of curves (Theorem 3.2.8), which is a generalization of a classical result due to Grothendieck
on prime-to-p etale coverings of curves in positive characteristic.
Theorem IV. Let X be a smooth projective curve of genus g over a complete discrete valuation
ring R with algebraically closed residue eld k of characteristic p > 0 and with fraction eld K.
Let D  X be an eective relative Cartier divisor of X =S which is nite etale over R. Consider
the open curve U
def
= X n D and denote by U0 the special ber of U . Then, any nite linearly
reductive torsor P0  ! U0 can be lifted to a nite linearly reductive torsor over U after a nite
extension of R.
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Notation
In this thesis, k always means a eld. We denote by Veck the category of nite dimensional vector
spaces over a eld k. For an ane k-group scheme G, we denote by Rep(G) the category of nite
dimensional left k-linear representations of G. For each (V; ) 2 Rep(G), we denote by V G the
G-invariant subspace of V , i.e. V G = fv 2 V j (v) = v 
 1g.
In this thesis, for basic denitions and notions about algebraic stacks, we follow Stacks Project [67].
In particular, as a denition of algebraic spaces and algebraic stacks, we adopt [67, Denition 025X]
and [67, Denition 026O] respectively. For any algebraic stack X , we denote by jX j the underlying
topological space (cf. [67, 04XE]) and by jX j0 the set of closed points of X .
For a ring A, we denote by (A=A) the category of ane A-schemes. We consider the bered
categories
Vect  QCohfp  QCoh
over (A=A) of locally free sheaves of nite rank, quasi-coherent sheaves of nite presentation
and quasi-coherent sheaves respectively. For any bered category X over (A=A), we dene the
categories
Vect(X )  QCohfp(X )  QCoh(X )
to be
Vect(X ) def= HomA(X ;Vect)
and similarly QCohfp(X ) def= HomA(X ;QCohfp) and QCoh(X ) def= HomA(X ;QCoh). For a eld k,
we have Vect(Spec k) = Veck. If X is a Noetherian algebraic stack over a scheme S, we can also
consider the category Coh(X ) of coherent sheaves on X . If X = BSG is the classifying stack of an
ane at and nitely presented S-group scheme G, then QCoh(BSG) is nothing but the category
of G-equivariant sheaves over S, i.e. quasi-coherent sheaves F on S endowed with an action of
G (cf. [3, x2.1]). Therefore, we get a natural functor QCoh(BSG)  ! QCoh(S) which maps each G-
equivariant sheaf F to the G-invariant subsheaf FG. In the case where S = Spec k is the spectrum
of a eld k, all the three categories Coh(BG), Vect(BG) and Rep(G) are canonically equivalent to
each other,
Coh(BG) = Vect(BG) = Rep(G):
For a scheme X over a eld k of characteristic p > 0 and a positive integer n > 0, we dene the
nth Frobenius twist X(n) by the Cartesian diagram
X(n)

//

X

Spec k
Fn // Spec k;
where F is the absolute Frobenius of Spec k. Then the nth power of the absolute Frobenius morphism
Fn : X  ! X factors uniquely through X(n) and we get a k-morphism X  ! X(n), which is
11
denoted by F (n) and is called the nth relative Frobenius morphism of X. If k is perfect, the
projection X(n)  ! X is an isomorphism of schemes, but not of k-schemes. Moreover, in this case,
we can also consider the ( n)th Frobenius twist X( n) of X by using the inverse morphism F n
of Fn : Spec k
'  ! Spec k. If X  ! Spec k is a bered category of groupoids over a eld k of
characteristic p > 0, we dene the absolute Frobenius morphism F : X  ! X as the collection of
maps
X (S)  ! X (S) ;  7! F S() =   FS
for S 2 (A=k) (cf. [71, Notations and conventions]). If X = X is a scheme over k, then this
coincides with the one in the previous sense. Moreover, we can also dene the relative Frobenius
morphisms F (n) : X  ! X (n) for n > 0 in the same manner as before.
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Chapter 1
The Abhyankar conjecture for ane
curves in positive characteristic
1.1 The Abhyankar conjecture for ane curves in positive char-
acteristic
1.1.1 Prime-to-p etale fundamental group of curves
The aim of this subsection is to recall Grothendieck's theorems on the prime-to-p etale fundamental
groups of curves (Theorem 1.1.7 and Corollary 1.1.9).
Let R be a complete discrete valuation ring with K fraction eld and with k algebraically closed
residue eld of characteristic p > 0. Put S = SpecR and denote by  and s the generic point and
the closed point of S respectively. We also denote by  the geometric generic point of S.
Theorem 1.1.1. (cf. [50, Theoreme 1.5]) Let f : X ! S be a proper smooth S-curve. Then the
natural morphism
et1 (Xs)  ! et1 (X)
is an isomorphism.
Sketch of the proof. To prove the surjectivity of the above map, we have to show that for any
connected nite etale cover Y ! X, the special ber Ys is connected as well. By considering the
Stein factorization of the proper morphism Y ! X ! S and by using the assumption that R is a
henselian local ring with algebraically closed residue eld, one can verify the connectedness of Ys.
Let us discuss on the injectivity. Let  denote a uniformizer of R and put Sn = SpecR=
n+1
and Xn = X S Sn. Note that X0 = Xs the special ber of X=S. Then by [26, Expose I], for any
integer n  0, the functor Z 7! ZXnX0 induces an equivalence of categories between the category
of nite etale coverings of Xn and the category of nite etale coverings of X0. In fact, for any nite
etale cover f0 : Y0 ! X0 = Xs, there exists a family of nite etale covers ffn : Yn ! Xng1n=0 such
that Yn = Yn+1 Xn+1 Xn for any n  0, which denes a formal coherent sheaf cM def= (fnOYn)n0
of O bX -algebras on the formal completion bX of X along Xs. However, according to Theorem 1.1.2
below, there exists a coherent OX -algebra M such that the associated formal coherent sheaf on bX
is isomorphic to cM . Then Y def= Spec(M ) ! X gives a nite etale covering of X which is a lift
of Y0 ! X0. We have seen that for any nite etale cover of Xs can be lifted to a one of X. This
particularly implies that the map et1 (Xs)! et1 (X) is injective.
Theorem 1.1.2. (Formal GAGA, cf. [50, Theorem 1.6]) Let R be a local Noetherian ring with m
the maximal ideal which is m-adically complete. Put S = SpecR and let s 2 S denote the closed
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point. Let f : X ! S be a proper morphism and bX the formal completion of X along the special
ber Xs. Then the functor M 7! cM = (M jX
RR=mn+1)n0 induces an equivalence of categories
between the category of coherent sheaves on X and the category of formal coherent sheaves on bX.
Proposition 1.1.3. (cf. [50, Proposition 1.7]) Let f : X ! S be a proper smooth S-curve. Then
the natural homomorphism
et1 (X)  ! et1 (X)
is surjective.
Proof. We need to show that for any nite connected etale cover Y ! X, the geometric generic ber
Y is connected as well. It suces to show that for any nite extensionK
0=K ofK, YK0 is connected.
Let R0 be the normalization of R in K 0. Since YR0 has connected special ber Ys (cf. Theorem
1.1.1), YR0 itself must be connected. However, since XK0 ,! XR0 is an open immersion, YK0 must
be connected. This completes the proof.
Denition 1.1.4. Let f : X ! S be a proper smooth S-curve. By Theorem 1.1.1 and Proposition
1.1.3, we obtain the following surjective map
sp : et1 (X)
// // et1 (X) 
et
1 (Xs);
'oo
which we call the specialization map of the etale fundamental groups associated with f : X ! S.
Next we shall dene the specialization map for the tame fundamental groups.
Denition 1.1.5. Let X be a scheme and D an eective Cartier divisor of X. Put U = X nD. A
nite at cover Y ! X which is etale over U is said be tamely ramied along D if for any point
x 2 D, all the connected components of Y X SpecOshX;x are of the form SpecOshX;x[T ]=(Tm   a)
where m is a positive integer which is prime to the characteristic of k(x) and a is a local equation
of D in SpecOshX;x.
Example 1.1.6. If R is a complete discrete valuation ring withK fraction eld, with k algebraically
closed eld of characteristic p > 0 and  2 R a uniformizer of R. Let L be a nite separable extension
of K and RL denote the integral closure of R in L. Then the nite at morphism SpecRL ! SpecR
is tamely ramied along  = 0 if and only if p does not divide [L : K]. Therefore, if X is a smooth
curve over an algebraically closed eld k of characteristic p > 0 and D is a reduced eective Cartier
divisor of X, then if a nite at cover Y ! X which is etale over X nD has prime-to-p degree, then
it is tamely ramied along D.
Let f : X ! S be a proper smooth S-curve and D  X be an eective relative Cartier divisor
of X=S which is nite etale over S. Put U = X nD. We denote by t1(U) the tame fundamental
group of (X;D). Similarly for t1(Us) and 
t
1(U). As we have remarked in Example 1.1.6, the
tame fundamental groups t1(Us) and 
t
1(U) have as a quotient the maximal prime-to-p quotients
et1 (Us)
(p0) and et1 (U)
(p0) respectively.
Theorem 1.1.7. (Grothendieck, cf. [26, Expose XIII, x2] [50, Theoreme 4.4]) With the same
notation as above, there exists a natural (up to conjugation) surjective homomorphism
spt : t1(U)
// // t1(U) 
t
1(Us);
'oo (1.1.1)
which we call the specialization map of the tame fundamental groups associated with f : U ! S.
Moreover, the above map (1.1.1) induces an isomorphism between the maximal prime-to-p quotients
of the etale fundamental groups
et1 (U)
(p0) ' // et1 (Us)(p
0): (1.1.2)
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Sketch of the proof. The surjectivity of the two maps
t1(U)  ! t1(U); t1(Us)  ! t1(U)
can be proven by a similar argument to the proper case (cf. Theorem 1.1.1 and Proposition 1.1.3).
We shall discuss on the injectivity of the second map. Let Ys ! Us be a nite etale covering whose
normalization eYs ! Xs is tamely ramided along Ds. We have to show that there exists a nite
etale covering Y ! U whose normalization eY ! X is tamely ramied along D such that Y ! U
is a lift of Ys ! Us. First note that by [26, Expose I], a nite etale covering Ys ! Us is uniquely
lifted to a nite etale formal covering bY ! bU . If one put Un def= U S Sn where Sn = SpecR=n+1,
then bY ! bU is a sequence of nite etale coverings (Yn ! Un)n0 such that Yn+1 Un+1 Un = Yn.
We introduce similar notation Xn and Dn for X and D respectively. Moreover, similarly for each
section x : S ! D, namely xn = x S Sn : Sn ! Dn. Fix a section x : S ! D. Let eOxn be the
strict henselization of OXn at the generic point associated with xn. Let sx = 0 be a local equation
of D at each section x : S ! D. Assume thateYs X Spec eOx0 ' Spec 
i2I eOx0 [Ti]=(Tmii   sx0)
with p - mi. For each n  0, we dene eY 0xn ! Spec eOxn to be the covering of the formeY 0xn = Spec 
i2I eOxn [Ti]=(Tmii   sxn);
which is a lift of eYsX Spec eOx0 . According to [50, Lemme 5.4], for each n  0, there exists a nite
morphism eYxn ! SpecOX;xn which is etale above sxn 6= 0 isomorphic to Yn such thateYxn SpecOX;xn Spec eOxn ' eY 0xn :
Then the coverings Yn and eYxn for all the sections x : S ! D can be got together to obtain a nite
covering eYn ! Xn which is etale over Un and is tamely ramied along Dn. By applying Theorem
1.1.2, we get a nite covering Y ! X which is etale above U and is tamely ramied along D. This
completes the proof of the rst assertion.
To prove the second assertion, we need the next lemma, which is so-called Abhyankar's lemma.
For the detail of the remaining part, see [50, Proposition 5.8].
Lemma 1.1.8. (Abhyankar, cf. [28, Theorem 2.3.2 and Corollary 2.3.4]) Let X be a normal scheme
and D  X a simple normal crossings divisor. Let f : Y ! X be a nite at cover which is etale
over U = X nD. Then the following are equivalent.
(a) Y is normal and f is tamely ramied above the generic points of D.
(b) f : Y ! X is tamely ramied along D.
Recall that the divisor D is said to be a simple normal crossings divisor on X if X is regular at
each point of D and D is Zariski locally dened by a subsystem of a regular system of parameters.
Corollary 1.1.9. (Grothendieck, cf. [26, Expose XIII, Corollaire 2.12]) Let k be an algebraically
closed eld of characteristic p > 0. Let X be a projective smooth curve over k of genus g  0. Let
U  X be a nonempty open subscheme with n = #(X nU)  0. Then there exists an isomorphism
of pronite groups
et1 (U)
(p0) ' (p0)g;n ;
where g;n is the group dened by
g;n
def
=

a1; b1; : : : ; ag; bg
1; : : : ; n
 gY
i=1
[ai; bi]1    n = 1

: (1.1.3)
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Proof. Let X ! S = SpecW (k) be a proper smooth S-curve which is a lift of X and D  X
be an eective relative Cartier divisor of X =S which is nite etale over S and which is a lift of
D
def
= X n U . Put U = X nD . Let K be an algebraic closure of the fraction eld of W (k). Then,
according to Theorem 1.1.7, we have an isomorphism
et1 (U)
(p0) ' et1 (UK)(p
0):
Therefore the assertion follows from the next theorem.
Theorem 1.1.10. (cf. [26, Expose XII, Theoreme 5.1]) Let K be an algebraically closed eld of
characteristic 0. Let X be a projective smooth curve over K of genus g  0 and U  X be a
nonempty open subscheme with n = #(X n U)  0. Then the etale fundamental group et1 (U)
is isomorphic to the pronite completion of the group g;n (cf. (1.1.3)). Moreover, if we denote
X n U = fx1;    ; xng, each i can be chosen to be a generator of inertia above xi.
1.1.2 Statement of the conjecture
In [1], Abhyankar conjectured the following result, which we call the Abhyankar conjecture for ane
curves in positive characteristic. The Abhyankar conjecture was solved armatively by Raynaud
and Harbater.
Theorem 1.1.11. (Raynaud{Harbater, cf. [56] [29]) Let k be an algebraically closed eld of char-
acteristic p > 0. Let X be a projective smooth curve over k of genus g  0 and U  X a nonempty
open subscheme with n = #(X nU)  0. Suppose that n > 0, or equivalently U is ane. Then for
any nite group G, there exists a connected nite etale Galois covering V ! U with Galois group
G if and only if the quotient G=p(G) can be generated by at most 2g+ n  1 elements, where p(G)
is the normal subgroup of G generated by all the p-Sylow subgroups of G.
Let us introduce the following notation.
Denition 1.1.12. For a connected scheme X, we denote by etA (X) the set of isomorphism classes
of nite groups which appear as a nite quotient of et1 (X).
Remark 1.1.13.
(1) Then, with the same notation as in Theorem 1.1.11, the conjecture is equivalent to saying
that a nite group G belongs to etA (U) if and only if G=p(G) can be generated by at most
2g + n  1 elements.
(2) The necessity of the latter condition is immediate from Corollary 1.1.9. Indeed, if such a
cover V ! U exists, this corresponds to a surjective homomorphism et1 (U)  G, whence
et1 (U)
(p0)  G=p(G). However, according to Corollary 1.1.9, under the assumption that
n > 0, the group et1 (U)
(p0) is isomorphic to the prime-to-p completion of the free pronite
group of rank 2g + n   1 elements. This implies that G=p(G) can be generated by at most
2g + n  1 elements.
(3) Theorem 1.1.11 says that the prime-to-p etale fundamental group et1 (U)
(p0) gives a complete
description of the set etA (U) for an ane smooth curve U over an algebraically closed eld of
characteristic p > 0.
(4) The assumption that n > 0 is essential. Indeed, Theorem 1.1.11 includes the fact that any
p-group appears as a quotient of et1 (U) for an arbitrary ane smooth curve U over an alge-
braically closed eld k of positive characteristic p > 0. This fact does not hold if U = X is
16
projective because et1 (X) is topologically nitely generated (cf. Theorem 1.1.1, Proposition
1.1.3 and Theorem 1.1.10), hence (Z=pZ)n 62 etA (X) for n 0. Moreover, the isomorphism
class of et1 (X) can be completely determined by the set 
et
A (X) of nite quotients (cf. [23]).
However, et1 (X) itself highly depends on the curve X itself (cf. [70]). Thus a simple descrip-
tion of et1 (X), whence of 
et
A (X) as in Theorem 1.1.11, cannot be expected.
(5) Originally, Abhyankar himself formulated the conjecture in terms of Galois groups, not in
terms of Grothendieck's etale fundamental groups (cf. [1, x4.2]).
In fact, in [29], Harbater proved a stronger result, which we call the strong Abhyankar conjecture
for ane curves in positive characteristic.
Theorem 1.1.14. (Harbater, cf. [29]) With the same notation as in Theorem 1.1.11, for any nite
group G such that G=p(G) can be generated by at most 2g + n   1 elements, there exists a nite
connected Galois covering V ! U with Galois group G which is tamely ramied along X nU except
for one point x0 2 X n U .
Remark 1.1.15. However, the tame fundamental group t1(U) is topologically nitely gener-
ated (cf. Theorems 1.1.7 and 1.1.10). Therefore, the tamely ramied covers is too few to realize all
the nite quotients of et1 (U) and we really need a wild ramication above at least one point x0.
1.1.3 A survey in the ane line case
In [56], Raynaud proved Theorem 1.1.11 for the ane line U = A1k. A nite group G is said to be
quasi-p if G = p(G), i.e. G can be generated by p-Sylow subgroups of G. In the case where U = A1k,
Theorem 1.1.11 is equivalent to saying that a nite group G belongs to the set etA (A1k) if and only
if G is a quasi-p-group.
Example 1.1.16.
(1) Any p-group is a quasi-p-group.
(2) For any integer n > 0, the nth symmetric group Sn is a quasi-2-group. Indeed, Sn can be
generated by permutations (i; j) (1  i; j  n; i 6= j), which are of order 2.
(3) Any simple group G with pj#G is a quasi-p-group. Indeed, as pj#G, p(G) gives a nontrivial
normal subgroup of G. However, since G is simple, p(G) must coincide with the whole group
G. Therefore, for example, if n  4 and pjn, then the nth alternating group An is a quasi-p-
group.
(4) Let  be a semisimple simply connected algebraic group over a nite eld Fq with q = pr.
Fix a maximal torus T <  and a positive system R+  R of the root system. We denote
by U+ and U  the unipotent radicals corresponding to the positive roots and to the negative
roots respectively. Then the subgroups U+(Fq) and U (Fq) are p-Sylow subgroups of (Fq).
Then we have (Fq) = hU+(Fq); U (Fq)i. Thus (Fq) is a quasi-p-group. For example, for
any integer n > 0, SLn(Fq) is a quasi-p-group.
Theorem 1.1.17. (Nori, cf. [35] [45]) Let k be an algebraically closed eld of characteristic p. Let
 be a semisimple simply connected algebraic group over a nite eld Fq with q = pr. Then the
quasi-p-group (Fq) (cf. Example 1.1.16(4)) belongs to the set etA (A1k).
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In fact, Laumon gave another proof, which is simpler than Nori's one. Here, let us recall
Laumon's idea. With the same notation as in Example 1.1.16(4), consider the closed immersion
i : U+  U    //   // ;
where the embedding is the natural one and the second morphism is the multiplication of . Let
L :   !  be the Lang map x 7! F r(x)  x 1 of , where F is the absolute Frobenius of . Then
L :   !  is a geometrically connected nite etale (Fq)-covering. By pulling back the Lang map
L along the closed immersion i, we get a nite etale (Fq)-covering P  ! U+  U . From the
fact that (Fq) = hU+(Fq); U (Fq)i, we can deduce that P is geometrically connected. By base
change along Spec k  ! SpecFq, we get a connected (Fq)-covering Pk  ! (U+  U )k ' ANk
over the N -dimensional ane space, where N = dim(U+  U ). Now, by applying successively
a Bertini type theorem (cf. [33]), we can conclude that there exists a closed immersion A1k ,! ANk
such that Pk ANk A
1
k is connected, hence the covering Pk ANk A
1
k  ! A1k realizes a nite quotient
et1 (A1k) (Fq).
The following result due to Serre gave a breakthrough to solve the Abhyankar conjecture.
Theorem 1.1.18. (Serre, cf. [65]) Suppose given an exact sequence of nite groups
1! H ! G!  ! 1
such that G is a quasi-p-group and H is a solvable group. In addition, suppose   2 etA (A1k). Then
we have G 2 etA (A1k).
Serre proved the theorem by solving embedding problems, which is a typical method to approach
inverse Galois problems. Roughly, the proof can be divided by the two cases, namely the case when
H is an elementary abelian `-group with ` 6= p and the case when H is an elementary abelian
p-group. In the former case, he solved the problem by applying the Grothendieck{Ogg{Shafarevich
formula. The latter case was done by showing thatH1et(A1k; V ) has innite dimension for any nonzero
constructible Fp-module V on A1k.
Raynaud's proof was done step-by-step. To explain the outline of his proof, let us introduce the
following notation.
Denition 1.1.19. Let G be a quasi-p-group. Let S be a p-Sylow subgroup of G. Let fGigi2I be
the set of strict subgroups Gi of G which are quasi-p and admit a p-Sylow subgroup Si contained
in S. Note that, for such a Gi, S \Gi must be a p-Sylow subgroup of Gi. We dene the subgroup
G(S) of G by
G(S)
def
= hGi;i2Ii:
If one changes a p-Sylow subgroup S, then G(S) is changed into a conjugate in G. Therefore,
whether G(S) = G or G(S) 6= G does not depend on the choice of S.
Raynaud proved the following result.
Theorem 1.1.20. (Raynaud, cf. [56, Theoreme 2.2.1]) Let G be a quasi-p-group and S a p-Sylow
subgroup. Then we have the following.
(1) If G has a nontrivial normal p-subgroup, then G belongs to the set etA (A1k).
(2) If G = G(S), then G belongs to the set etA (A1k).
(3) If G 6= G(S) and G has no nontrivial normal p-subgroup, then G belongs to the set etA (A1k).
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As a consequence, the Abhyankar conjecture (Theorem 1.1.11) is true for the ane line U = A1k.
Outline of Raynaud's proof. The proof was done by the induction on the order of G.
(1) Let H be a nontrivial normal p-subgroup of G. Then we have an exact sequence of nite
groups
1! H ! G! G=H ! 1:
Moreover, by induction hypothesis, the quasi-p-group G=H belongs to the set etA (A1k). As H is a
nilpotent group, the assertion follows from Serre's result (Theorem 1.1.18).
(2) The case G = G(S): Raynaud proved the assertion by the method of rigid analytic patching.
Note that G = G(S) = hGi;i2I ; Si. Let Si be a p-Sylow subgroup of Gi contained in S. Let R = k[[t]]
be the ring of formal power series with coecients in k and K = k((t)) the eld of fractions. Let
P1;anK denote the rigid projective line over K. For each i 2 I, we choose a unit closed disk Di  P1;anK
so that Di \Dj = ; if i 6= j and 1 62 [i2IDi. Let Doi = Di n @Di be the unit open disk where @Di
is the boundary of Di. If we put W = P1;anK n [i2IDoi , then fDi;i2I ;W g gives an anoid covering of
P1;anK with W \D = @Di for any i 2 I.
For each i 2 I, take a formal model Di;R over R, which is isomorphic to the formal completion of
the ane R-line A1R along the special ber A1k, and denote Di = Spec k[ti] the special ber of Di;R.
Since #Gi < #G, by induction hypothesis, there exists a nite etale connected Galois covering
Ui ! Di with Galois group Gi. By Abhyankar's lemma (cf. Lemma 1.1.8), we may assume that
it is totally ramied at 1 with inertia group Si. By [26, Expose I], Ui ! Di can be lifted a nite
etale Galois cover Ui;R ! Di;R with Galois group G. By taking Raynaud's generic ber, we get a
nite etale Galois cover Ui ! Di with Galois group Gi. Then Raynaud proved that there exists
a nite etale connected Galois covering Vi ! @Di with Galois group Si such that there exists an
isomorphism as a G-cover of @Di,
Uij@Di ' IndGSi(Vi):
In particular, we have a Galois covering of each connected component of the boundary @W =
[i2I@Di  W .
One of the main ingredients for the patching is the following lemma.
Lemma 1.1.21. (cf. [56, Corollaire 4.2.6]) Let U  P1;anK be the complement of the union of disjoint
open disks Di in P
1;an
K . Let U  P1K be an open subscheme such that P1K n U contains a point of
each disk Di . Suppose given an exact sequence of nite groups
1! Q! G0 $ ! G! 1
with Q a p-group. Moreover, suppose given
 a connected nite etale Galois cover V ! U with Galois group G0 and its restriction V def=
V jU ! U ,
 an etale nite Galois cover V 0 ! U with Galois group G0 such that V 0=Q = V .
Then there exists a connected nite etale Galois cover V 0 ! U with Galois group G0 such that
V 0jU ' V 0 as a G-cover of U and such that V 0=Q = V . Moreover, if G0 is a p-group and if Q
is cyclic, then one can choose such a cover V ! U so that Q is contained in the inertia subgroup
above each point of X n U .
Therefore, there exists a nite etale connected Galois covering Z ! W with Galois group S
such that there exists an isomorphism as an S-cover of @Di,
Z j@Di ' IndSSi(Vi)
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for each i 2 I. Then, for each i 2 I, we have an isomorphism
IndGGi(Ui)j@Di ' IndGS (Z )j@Di
as a G-cover of @Di, which implies that the coverings Ui ! Di (i 2 I) and Z ! W can be put
together to obtain a nite Galois coverX ! P1;anK with Galois group G which is ramied at only1.
Since G = hGi;i2I ; Si, the covering X is connected. Therefore, by the rigid GAGA theorem, there
exists a nite connected Galois etale covering XK ! P1K with Galois group G which is ramied at
only1. Finally, by a standard specialization argument, we can specialize the G-covering XK ! P1K
to get a nite connected Galois covering X ! P1k with Galois group G which is ramied only at 1,
whence G 2 etA (A1k).
(3) The case G(S) 6= G and G has no nontrivial normal p-subgroups: Raynaud proved the
assertion by the use of semistable curves. For details, see x1.2.
1.2 Raynaud's proof in the last case: The use of semistable curves
1.2.1 Models for curves
Let us begin with some preliminaries. Let Y be a locally Noetherian scheme. A morphism f : X ! Y
is said to be an immersion if there exists an open subscheme V of Y such that f factors through
a closed immersion i : X ,! V . Let I denote the ideal sheaf of the closed immersion i : X ,! V .
Then the conormal sheaf CX=Y of X in Y is dened to be
CX=Y
def
= i(I =I 2); (1.2.1)
which is independent of the choice of V . The normal sheaf NX=Y is the dual of the conormal sheaf
CX=Y
NX=Y
def
= C _X=Y : (1.2.2)
An immersion f : X ! Y is said to be regular if for any point x 2 X, the kernel Ker(OY;f(x) ! OX;x)
is generated by a regular sequence. In this case, I =I 2 is a locally free OV =I -module, so the
conormal sheaf CX=Y is a locally free OX -module.
Let Y be a locally Noetherian scheme. A morphism of nite type between schemes f : X ! Y
is said to be locally complete intersection if for any point x 2 X there exists a neighbourhood U of
x and a commutative diagram
Z
g

U
f jU
//
/ 
i
>>~~~~~~~~
Y
where i is a regular immersion and g is smooth.
Denition 1.2.1. Let Y be a locally Noetherian scheme and f : X ! Y a quasi-projective locally
complete intersection morphism. Let i : X ,! Z be a regular immersion into a scheme Z which is
smooth over Y . Then the canonical sheaf !X=Y of f : X ! Y is dened by
!X=Y
def
= det(CX=Z)
_ 
OX i(det(
1Z=Y ));
which is independent of the choice of Z up to isomorphism (cf. [39, x6.4.2]).
The canonical sheaves satisfy the following properties.
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Proposition 1.2.2. Let f : X ! Y and g : Y ! Z be quasi-projective locally complete intersection
morphisms.
(1) We have a canonical isomorphism
!X=Z ' !X=Y 
OX=Y f!Y=Z :
(2) Let Y 0 ! Y be a morphism, X 0 def= X Y Y 0 and p : X 0 ! X the rst projection. If either
Y 0 ! Y or X ! Y is at, then X 0 ! Y 0 is locally complete intersection and we have a
canonical isomorphism
!X0=Y 0 ' p!X=Y :
Proof. See [39, x6.4.2. Theorem 4.9].
Now let us discuss on models of curves. Let R be a discrete valuation ring with fraction eld
K. Let  be a uniformizer of R and put k = R=() the residue eld of R. Put S = SpecR. Let
X be a curve over K. A model of X is a at morphism of nite type X ! S together with an
isomorphism X
' !XK where XK denotes the generic ber X 
R K of the morphism X ! S.
First let us state (without giving a proof) the following result due to Lipman.
Theorem 1.2.3. (Lipman, cf. [67, Tag 0BGP, Theorem 51.14.5]) Let X be a model of a smooth
curve X over K. Then there exists a resolution of singularities of X and any resolution is a model
of X.
Corollary 1.2.4. Let X be a projective smooth curve over K. Then it admits a proper regular
model X ! S.
Proof. Take a closed immersion X ,! PnK and dene X  PnR to be the scheme-theoretic closure
of X in PnR. Then X ! S gives a proper model of X. By Theorem 1.2.3, there exists a proper
birational morphismX 0 !X such thatX 0 ! S gives a regular proper model ofX. This completes
the proof.
Next we discuss on minimal models of a smooth curve.
Denition 1.2.5. Let X be a Noetherian scheme of dimension 2. An eective Cartier divisor
E  X is called an exeptional curve of the rst kind if it satises the following conditions.
 there exists an isomorphism P1 ! E for some eld .
 the normal sheaf NE=X (1.2.2) pulls back to OP1( 1).
Example 1.2.6. Let A be a regular local ring of dimension 2 with m the maximal ideal and
 = A=m the residue eld. Let b : X ! SpecA be the blowing up of SpecA along m 2 SpecA.
Then the exceptional ber E = b 1(m)  X is an exceptional curve of the rst kind. Indeed, since
m = (x; y) for some elements x; y 2 A, there exists a surjective homomorphism of graded A-algebras
A[T1; T2]
1M
n=0
mn ; T1 7! x; T2 7! y
and this induces an isomorphism
[T1; T2]
' !
 1M
n=0
mn


A =
1M
n=0
mn=mn+1 ' [x; y]:
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These facts imply that there exists a closed immersion X = Proj(
L1
n=0m
n) ,! P1A which induces
an isomorphism between the bers above m, i.e. E
' ! P1. Moreover,
CE=X = (mOX=m
2OX)jE = ((T1; T2)OP1A=(T1; T2)
2OP1A
)jP1 = OP1(1);
whence NE=X ' OP1( 1).
Denition 1.2.7. Let X be a smooth projective curve over K. A minimal model of X is a regular
proper model X ! S of X which does not contain any exceptional curve of the rst kind.
Given a regular proper model X ! S of a smooth projective curve X over K (cf. Corollary
1.2.4), which is not minimal in general. To obtain a minimal model of X, we need to contract
exceptional curves of the rst kind.
Denition 1.2.8. LetX ! S be a proper normalR-curve. Let E be a set of irreducible components
of the special berXk. A contraction of E is a proper morphism f :X !X 0 satisfying the following
conditions.
 X 0 is a proper normal R-curve.
 for any E 2 E , E is mapped to a closed point x 2X 0.
 f induces an isomorphism X nSE2E E '  !X 0 nSE2E f(E).
A contraction is unique if it exists.
Lemma 1.2.9. Let X be a proper normal R-curve and E a set of irreducible components of the
special ber Xk. Suppose a contraction f :X !X 0 of E exists. Then we have the following.
(1) the natural morphism OX 0 ! fOX is an isomorphism,
(2) for any morphism g :X ! Y such that g(E) is a point for any E 2 E , there exists a unique
factorization X ! X 0 ! Y of g. In particular, if a contraction of E exists, it is unique up
to unique isomorphism.
Proof. (1) See [67, Tag 0AGS, Lemma 51.3.4(4)].
(2) Since f denes a surjective and closed continuous map jX j ! jX 0j between the underlying
topological spaces, the topology of jX 0j is equivalent to the quotient topology of jX j by the relation
E  pt. Moreover, by (1), the natural homomorphism OX 0 ! fOX is an isomorphism. Suppose
given g : X ! Y with f(E) = pt for any E 2 E . Then by the universality of the quotient space,
there exists a unique continuous map 0 : jX 0j ! jY j between the topological spaces such that
g0  f = g. Moreover, let g0] : g0 1OY ! OX 0 = fOX be the map adjoint to g] : g 1OY =
f 1g0 1OY ! OX . Then the pair g0 = (g0; g0]) denes a unique morphism of locally ringed spaces
X 0 ! Y such that g = g0 f as a morphism of schemes. For details, see the proof of [67, Tag 0C2I,
Lemma 51.16.1].
Theorem 1.2.10. Let X be a proper normal R-curve and D an eective relative Cartier divisor
of X =R. Let E be the set of irreducible components E of the special ber Xk with E \ D = ;.
Then the morphism
f :X !X 0 def= Proj n0H0(X ;OX (nD))
is a contraction of the components of E .
Proof. See, for example, [57, Theorem 2.4.5].
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Corollary 1.2.11. Suppose that R is complete and that the residue eld k is algebraically closed.
Let X be a proper normal R-curve with the special ber Xk reduced. Let E be a strict subset of
the set of irreducible components of the special ber Xk. Then a contraction of the components of
E exists.
Proof. For each irreducible component   of Xk with   62 E , as   is reduced, one can choose a
smooth point x  of Xk which is lying in  . Since R is strictly henselian, for each   62 E , there
exists a section ~x  : S ! X which gives a lift of x . Now if we put D def=
P
  62E ~x , then D is an
eective relative Cartier divisor of X =S satisfying the condition in Theorem 1.2.10. Therefore, a
contraction of the components in E exists.
Corollary 1.2.12. Let f :X ! S be a proper regular S-curve and E an exceptional curve of the
rst kind. Then a contraction X !X 0 of E exists and X 0 is regular.
Proof. In Example 1.2.6, we have already seen the `only if' part. We shall show the `if' part. In
the following, we shall identify E = P1 for some nite extension  of k. First we shall show the
existence of a contraction of E. Note that (Xk)red 6= E. By Theorem 1.2.10, it suces to show the
existence of an eective relative Caritier divisor D of X =S such that D \ E = ; and D \   6= ;
for any irreducible component   of Xk with   6= E. By [67, Lemma 0C5P], X is projective over
S. Thus there exists an eective relative Cartier divisor H  X such that OX (H) is an ample
line bundle on X which is generated by global sections and which satises H1(X ;OX (H)) = 0.
Put m
def
=  deg(OX (E)jE) =  [ : k] degNE=X > 0 and r def= deg(OX (H)jE) > 0 and dene
D
def
= mH + rE. Then deg(OX (D)jE) = 0 and deg(OX (D)j ) > 0 (cf. [39, Lemma 9.3.3]) if   6= E.
Therefore D satises the condition in Theorem 1.2.10. Therefore, a contraction f : X ! X 0 of E
exists. Put x
def
= f(E). By using the fact thatm = [ : k], one can prove that dimk(x)mX 0;x=m
2
X 0;x =
2 (cf. [39, Theorem 9.3.7]), whence OX 0;x is regular. This completes the proof.
Now we show that the existence of a minimal model.
Proposition 1.2.13. Let X be a projective smooth curve over K. Let X ! S be a proper regular
model of X. Then there exists a sequence of S-morphisms
X =X0 !X1 !    !Xm 1 !Xm
of proper regular models ofX such that each morphismXi !Xi+1 is a contraction of an exceptional
curve of the rst kind and such that Xm is a minimal model of X.
Proof. We can apply Corollary 1.2.12 until we obtain a minimal model of X. However, since the
number of irreducible components ofXk is nite, it suces to apply Corollary 1.2.12 at most nitely
many times, whence the claim.
Corollary 1.2.14. Let X be a projective smooth curve over K. Then there exists a minimal model
of X.
Proof. This follows from Corollary 1.2.4 and Proposition 1.2.13.
Next we discuss on the uniqueness of a minimal model. Our goal is the following.
Proposition 1.2.15. Let X be a projective smooth curve over K of genus g > 0. Then there exists
a unique minimal model of X.
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For the proof, we need a geometry of the special ber of a regular model. Let X ! S be
a proper regular model of a projective smooth curve X over K. Let Xk be the special ber of
the model X . Since X ! S is at, the uniformizer  of R is a nonzerodivisor in OX . Thus
Xk = X 
 R=R  X gives an eective Cartier divisor of X with the associated line bundle
OX (Xk) isomorphic to the trivial bundle OX via the map OX (Xk)
' ! OX ; f 7! f .
Lemma 1.2.16. The special ber Xk is geometrically connected.
Proof. Let f :X ! S be the structure morphism. Consider the Stein factorization
X
f 0 //
f   B
BB
BB
BB
B S
0

S
where f 0 has geometrically connected bers and satises f 0OX = OS0 , and moreover S0 = SpecR0 !
S is integral. It suces to show that S = S0. Since X is integral and f 0OX = OS0 , S0 is integral
as well. Let K 0 be the fraction eld of R0. Now we have fOX = OS , whence K 0 = K. Since R is
normal and the extension R0=R is integral, this implies that R0 = R. This completes the proof.
Let Div(X ) be the free abelian group generated by all prime divisors ofX . Let Ci (i = 1;    ; n)
be the irreducible components of Xk. Then we have a decomposition as an eective Cartier divisor
Xk =
nX
i=1
miCi (1.2.3)
with each mi > 0 the multiplicity of Ci in Xk. Let Divk(X ) be the subgroup of Div(X ) generated
by Ci (1  i  n). For any 1  i  n and any eective divisor E ,! X , we dene the integer
(Ci  E) 2 Z by
(Ci  E) def= deg(OX (E)jCi);
which we call the intersection product. Here the degree of a line bundle L on each curve Ci is dened
by
deg(L) = (Ci; L)  (Ci;OCi):
The intersection product extends to a bilinear form
(    ) : Divk(X )Div(X )! Z:
Then the pairing (  ) gives a symmetric bilinear form on the free abelian group Divk(X ). Indeed,
it is immediate from the denition except for the statement that it is symmetric. For this, it suces
to show that for any i; j, we have
deg(OX (Ci)jCj ) = deg(OX (Cj)jCi):
Indeed, if i = j, it is obvious, so assume i 6= j. Let s : OX ! OX (Cj) be the canonical section of
OX (Cj). Then since Ci 6= Cj , the restriction sjCi : OCi ! OX (Cj)jCi denes a nonzero section and
the associated eective Cartier divisor coincides with Ci \ Cj , whence
deg(OX (Cj)jCi) = deg(Ci \ Cj): (1.2.4)
This proves the bilinear form (    ) is symmetric.
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Denition 1.2.17. Any divisor KX =S with OX (KX =S) = !X =S (cf. Denition 1.2.1) is called a
canonical divisor of X =S.
Lemma 1.2.18. With the above notation, we have the following.
(1) (Ci  Cj)  0 if i 6= j with equality if and only if Ci \ Cj = ;.
(2) (Xk  C) = 0 for any C 2 Divk(X ).
(3) There exists no nonempty proper subset I  f1;    ; ng such that (Ci Cj) = 0 for i 2 I; j 62 I.
(4) (C  C)  0 for any C = P aiCi 2 Divk(X ) with equality if and only if ai = qmi for some
q 2 Q.
(5) if KX =S is a canonical divisor of X =S, for any eective Cartier divisor 0  E  Xk, we have
 2(E;OE) = (E  (E +KX =S)):
(6) Ci is an exceptional curve of the rst kind if and only if (Ci  Ci) < 0 and (Ci KX =S) < 0.
Proof. (1) This follows from the equation (1.2.4).
(2) This follows from the fact that OX (Xk) is isomorphic to the trivial bundle OX .
(3) This is nothing but the connectedness of the special ber Xk (Lemma 1.2.16).
(4) By Lemma 1.2.18(2), we have
0 = (Xk  Ci) = mi(Ci)2 +
X
j 6=i
mj(Ci  Cj):
Now we compute
2(C  C) = 2
 nX
i=1
a2i (Ci)
2 +
X
i 6=j
aiaj(Ci  Cj)

= 2
X
i 6=j

 

ai
mi
2
(miCi mjCj) + ai
mi
aj
mj
(miCi mjCj)

=  
X
i 6=j
(miCi mjCj)

aj
mj
  ai
mi
2
 0
with equality ai=mi = aj=mj (i 6= j), or equivalently, ai = qmi (1  i  n) for some q 2 Q.
(5) See [39, Theorem 9.1.37].
(6) The `only if' part is immediate from the denition of an exceptional curve of the rst kind.
Let us show the `if' part. By (5), we have
(Ci  Ci) + (Ci KX =S) =  2(E;OE)   2:
Thus, by assumption, we have (Ci Ci) = (Ci KX =S) =  1. This implies that Ci is an exceptional
curve of the rst kind.
Lemma 1.2.19. Let d
def
= gcd(m1;    ;mn) and D def=
Pn
i=1(mi=d)Ci. Then there exists a sequence
of eective Cartier divisors of X
(Xk)red = Z0  Z1      Zm = D
such that Zj = Zj 1 +Cij for some 1  ij  n for j = 1;    ;m and H0(Zj ;OZj ) is a eld which is
nite over k for j = 1;    ;m.
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Proof. Since Xk;red is connected (cf. Lemma 1.2.16) and proper over k, H
0(Xk;red;OXk;red) is a eld
which is nite over k. Thus if m = 0, then the lemma is true. Suppose that m > 0 and that we
have constructed such a sequence
(Xk)red = Z0  Z1      Zt  D
of length t  0. If Zt = D, then we are done. So suppose that Zt 6= D. Since OX (D)
d =
OX (Xk) ' OX , by Lemma 1.2.18(3), we have (D   Zt  Zt) > 0. This implies that there exists
1  i  n such that (Ci  Zt) > 0 and such that Zt ( Zt + Ci  D. Set Zt+1 = Zt + Ci. Consider
the exact sequence
0! OX ( Zt)jCi ! OZt+1 ! OZt ! 0:
Then OX ( Zt)jCi is an invertible sheaf of degree ( Zt Ci) < 0, whence H0(Ci;OX ( Zt)jCi) = 0.
Thus the exact sequence implies that there exists an injective k-algebra homomorphism
H0(Zt+1;OZt+1) ,! H0(Zt;OZt):
From the induction hypothesis, H0(Zt;OZt) is a eld which is nite over k. This imples that the
same is true for H0(Zt+1;OZt+1). Thus the induction on t completes the proof because t is at most
m.
Lemma 1.2.20. With the same notation as in Lemma 1.2.19, we have
1  gX = d[ : k](1  gD)
with  = H0(D;OD).
Proof. Since X ! S is at, we have (X;OX) = (Xk;OXk). Therefore, it suces to show that
(Xk;OXk) = d(D;OD)
because (D;OD) = [ : k](1  gD). Note that (Xk;OXk) = (dD;OdD). We shall show that
(rD;OrD) = r(D;OD)
for 1  r  d by induction on r. However, by the additivity of the Euler characteristic , this can
be veried by using the exact sequence
0! OX ( rD)jD ! O(r+1)D ! OrD ! 0
and by the fact that deg(OX ( rD)jD) = 0, i.e. (D;OX ( rD)jD) = (D;OD).
Proposition 1.2.21. Given i 6= j such that Ci and Cj are exceptional curves of the rst kind in
X and Ci \ Cj 6= ;. Then we have the following.
 n = 2; m1 = m2 = 1,
 C1 ' C2 ' P1k; C1 and C2 meet in a k-rational point,
 X has genus 0.
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Proof. By (1.2.4), we have
(Ci  Cj) = deg(Ci \ Cj)  max([i : k]; [j : k]); (1.2.5)
with Cj ' P1i . On the other hand,
(Ci  Ci) = degOX (Ci)jCi = degOP1( 1) =  [i : k]:
Similarly for Cj . Now by Lemma 1.2.18(4), we have
0  (Ci + Cj)2 =
 
(Ci  Cj)  [i : k]

+
 
(Ci  Cj)  [j : k]

:
Thus, by (1.2.5), we can nd that
(Ci + Cj)
2 = 0; [i : k] = [j : k] = (Ci  Cj):
By Lemma 1.2.18(4), the rst equation implies that n = 2 and that qm2 = 1 = qm1 for some q 2 Q,
in particular m1 = m2. The second equation implies that the underlying set of C1 \ C2 consists
of one point p, namely C1 and C2 meet in a -rational point for some nite extension =k with
1
' !  '   2. From now on, we shall indentify  = 1 = 2.
Let D = C1 + C2 (cf. Lemma 1.2.19) and consider the exact sequence
0! OD ! OC1  OC2 ! Op ! 0:
Since Ci ' P1 (i = 1; 2), by considering the associated long exact sequence, we can nd that
gD = H
1(D;OD) = 0. Then Lemma 1.2.20 implies that
1  gC = d[ : k]
with d = m1 = m2, which implies that m1 = m2 = 1 and [ : k] = 1, whence also gC = 0. This
completes the proof.
Now we shall prove an important consequence of Proposition 1.2.21, which will be used in the
proof of Proposition 1.2.15.
Corollary 1.2.22. Suppose that X has genus g > 0 and given a sequence of proper regular models
of X
X =X0 !    !X1 !Xm
in which all the morphisms are contractions of exceptional curves of the rst kind. Suppose that
Xm is a minimal model of X. Then each exceptional curve E  X of the rst kind is mapped to
a point of Xm.
Proof. If m = 0, then there exists no exceptional curve of the rst kind inX as it is minimal, so the
statement is obvious. Suppose that m > 0 and given an arbitrary exceptional curve E Xm of the
rst kind. Let E0 be an exceptional curve of the rst kind which is contracted by Xm !Xm 1. If
E = E0, then E is mapped to a point inXm 1, whence to a point ofX . Suppose that E 6= E0. Since
X has genus g > 0, by Proposition 1.2.21, we must have E\E0 = ;, so E XmnE0 ' !Xm 1nfptg
and E maps to an exceptional curve of the rst kind in Xm 1. Thus, by induction on m, we can
conclude that E is mapped to a point of X .
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Proof of Proposition 1.2.15. By Corollary 1.2.14, a minimal model of X exists. We have to show
the uniqueness. Suppose that X and X 0 are minimal models of X. Then there exists sequences of
contractions of exceptional curves of the rst kind
Xs !    !X1 !X0 =X ;
X 0t !    !X 01 !X 00 =X 0
with Xs = X 0t . Let E  Xt be the exceptional curve of the rst kind which is contracted by
Xs !Xs 1. Then by Corollary 1.2.22, E is mapped to a point of X 0. Therefore, by Lemma 1.2.9,
the morphism Xs = X 0t ! X 0 factors uniquely through Xs 1 and the resulting one Xs 1 ! X 0
is also a sequence of contractions of the rst kind. By induction on s, we may assume that s = 0,
or equivalently that there exists a sequence of contractions of exceptional curves of the rst kind
X !X 0t !    !X 01 !X 00 =X 0:
However, since X is minimal, we must have t = 0, whence X =X 0.
Finally, we see what happens in the case where X has genus 0. For the proof, see [67, Lemma
0CDA].
Proposition 1.2.23. Let X be a projective smooth curve over K of genus 0. Let X be a minimal
model of X. Suppose that there exists a minimal model Y of X which is not isomorphic to X .
Then the special ber Xk of X is isomorphic to the projective line P1k over k.
1.2.2 Semistable reduction theorem for curves
In this subsection, we recall the semistable reduction theorem for curves (cf. [17, Corollary 2.7]).
Denition 1.2.24. Let X be an R-curve with Xk the special ber. We say that X is semistable
if Xk is reduced and it has only ordinary double points. Here a curve C over k is said to be it has
only ordinary double points if any closed point x 2 C is a smooth point of C or is the image of an
ordinary double point x0 of Ck, i.e. bOCk;x0 ' k[[u; v]]=(uv), where k is an algebraically closed eld
of k.
Lemma 1.2.25. Let X be a semistable R-curve with Xk the special ber. Then for any closed
point x 2 X , there exists a nite etale extension R0=R with S0 = SpecR0, an etale neighbourhood
U !X of x and a commutative diagram
X

U //oo

SpecA
{{ww
ww
ww
ww
w
S S0oo
such that the morphism U ! SpecA is etale and A is an R0-algebra of the form
A = R0[u; v]=(uv); or A = R0[u; v]=(uv   n) for some n  0:
Note that, in the latter case A = R0[u; v]=(uv  n) is regular if and only if n  1; it is smooth over
R0 if and only if n = 0. Moreover, if X is smooth, the rst type A = R0[u; v]=(uv) cannot occur.
Proof. See [67, Lemma 0CDD].
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Lemma 1.2.26. Let X be a smooth curve over K and X a model of X. Suppose that X is
semistable. Then the blow-up X 0 ! X at any closed point of X is semistable. Moreover there
exists a sequence of blowups of closed points
Xm !    !X1 !X0 =X
such that Xm is regular.
Proof. See [67, Proof of Lemma 0CDE].
Lemma 1.2.27. Let X be a projective smooth curve over K and X a model of X. Suppose that
X is semistable. Then for any exceptional curve E  X of the rst kind, if X ! X 0 is the
contraction of E, X 0 is semistable as well.
Proof. See [67, Lemma 0CDF].
Lemma 1.2.28. Let X be a projective smooth curve over K. Then the following are equivalent.
(a) There exists a proper semistable model of X.
(b) There exists a minimal model of X which is semistable.
(c) Any minimal model of X is semistable.
Proof. The implication (b) =) (a) is obvious. The implication (c) =) (b) follows from the existence
of a minimal model (Corollary 1.2.14). If X has genus g > 0, then the converse (b) =) (c) also hold
by the uniqueness of a minimal model (Corollary 1.2.22). Suppose that X has genus 0. If a minimal
model of X is unique, then the implication (b) =) (c) holds again. If not unique, by Proposition
1.2.23, any minimal model has P1k as its special ber. In particular it is semistable. Therefore, we
have proved the equivalence (b)() (c).
It remains to show the implication (a) =) (b). Suppose given a proper semistable model X
of X. By Lemma 1.2.26, we may assume that X is regular. Then there exists a sequence of
contractions of exceptional curves of the rst kind
X =X0 !    !Xm 1 !Xm
with Xm minimal. By Lemma 1.2.27, Xm is semistable. This implies the condition (b), which
completes the proof.
Denition 1.2.29. Let X be a projective smooth curve over K. We say that X has semistable
reduction if the equivalent conditions (a){(c) in Lemma 1.2.28 are satised.
Now the following is the main result of this section.
Theorem 1.2.30. (Semistable reduction theorem for curves) Let X be a projective smooth curve
over K. Then there exists a nite separable extension K 0 of K such that XK0 = X 
K K 0 has
semistable reduction.
We shall give a proof of the theorem for curves of genus g  2. We rely on the semistable
reduction theorem for abelian varieties. First let us recall the statement of it. Let A be an abelian
variety over K and A the Neron minimal model of A over R.
Denition 1.2.31. We say that A has semistable reduction if the special ber A0k of the connected
component A 0 of the identity has no nontrivial unipotent radical.
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Theorem 1.2.32. (Semistable reduction theorem for abelian varieties) Let A be an abelian variety
over K. Then there exists a nite separable extension K 0 of K such that AK0 = A 
K K 0 has
semistable reduction.
For the proof, see [49, x4].
Sketch of the proof of Theorem 1.2.30 for curves of genus g  2. By taking a nite separable ex-
tension ofK, we may assume thatX(K) 6= ; and that the Jacobian variety J = Pic0X has semistable
reduction (Theorem 1.2.32). LetX be the minimal model of X (Corollary 1.2.22) andJ the Neron
minimal model of J . Let Ci (1  i  n) be the irreducible components of the special ber Xk of
X with Xk =
Pn
i=1miCi and set d = gcd(m1;    ;mn) (cf. x1.2.1).
First we shall establish a connection between X and J . Let xK 2 X(K) be a K-rational
point. Since X ! S = SpecR is proper, by the valuative criterion for properness, we can nd that
xK extends to an S-valued point x : S !X which is a section of the structure morphism X ! S.
Let  : OX ;x ! R be the corresponding homomorphism. Then () = , whence  62 m2x. Since
OX ;x is regular, this implies that there exists a minimal set of generators of mx which contains .
Thus, OX ;x=OX ;x = OXk;xk is a regular local ring of dimension one where xk = x 
R k, which
implies that xk is a smooth point of Xk. Therefore, if xk 2 Ci, then mi must be 1, which implies
that d = 1. According to Raynaud's theorem [17, Theorem (2.5)], in that situation, the connected
component J 0 of the identity of J represents the Picard functor Pic0(X =S). Since now J has
semistable reduction, Pic0Xk = J
0
k has no nontrivial unipotent radical.
Next we shall prove that D = Xk is reduced. Since Pic
0
D is an extension of Pic
0
Dred
by a
unipotent algebraic group. However, since now Pic0D has no nontrivial unipotent radical, we have
Pic0D ' Pic0Dred , whence
(D;OD) = (Dred;ODred):
By applying Lemma 1.2.18(2)(5), we obtain
(Xk KX =S) = (Xk  (Xk +KX =S)) = (
nX
i=1
Ci  (
nX
i=1
Ci +KX =S));
whence
(
nX
i=1
(mi   1)Ci KX =S) = (
nX
i=1
Ci 
nX
i=1
Ci):
If mi > 1 for some i, then by Lemma 1.2.18(4), we have
(
nX
i=1
(mi   1)Ci KX =S) < 0:
Hence, there exists i0 such that
 (Ci0 KX =S) < 0,
 (Ci0  Ci0) < 0.
By Lemma 1.2.18(6), this implies that Ci0 is an exceptional curve of the rst kind. This contradicts
with the minimality of X , whence mi = 1 for any 1  i  n. Therefore Xk is reduced.
Therefore, it remains to be proven that Xk has only ordinary double points. According to [17,
Lemma 2.6(ii)], all the singularities of Xk are all transversal crossings of a set of nonsingular
branches. However, since Xk lies on a regular surface X , the dimension of its tangent space at
each singular point must be at most two, which implies that all the singularities of Xk are ordinary
double points.
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Before moving on to the next section, let us recall the following basic facts.
Proposition 1.2.33. (cf. [55, Appendice] [39, Chapter 10, Proposition 3.48]) Let Y be a regular
semistable R-curve. Let G be a nite group which acts on Y by R-automorphisms of Y . Let
X
def
= Y =G be the quotient of Y by the action of G. Then X is semistable. Moreover, if Y is
smooth over R, then X is smooth over R as well.
Proposition 1.2.34. LetX be a regular R-curve with Xk the special ber. Let C be an irreducible
component of Xk and denote by  the generic point of Xk corresponding to C. Then C is reduced if
and only if OX ; is weakly unramied over R, i.e. the ramication index of the extension OX ;  R
of discrete valuation rings is equal to one.
1.2.3 Proof of the conjecture: The geometric part
Let R be a complete discrete valuation ring with algebraically closed residue eld k of characteristic
p > 0. Let K be the eld of fractions of R. We always suppose that K is of characteristic 0. Let
S = SpecR.
Lemma 1.2.35. (Zariski's purity theorem, cf. [27, Expose X, Theoreme 3.4]) Let S be a regular
integral scheme with fraction eld K(S). Let L be an etale algebra over K(S). Let T ! S be the
normalization of S in L. If T ! S is etale at any point of codimension  1 in S, then T ! S is
etale.
Proof. Actually, we need the result only in the case where dimS = 2. For this case, see [50,
Demonstration of Corollaire 2.3]. For the general case, see [27, Expose X. Theoreme 3.4].
Lemma 1.2.36. (Variant of Abhyankar's lemma) Let X be an integral smooth S-curve and x 2
X(R) be an R-valued point. Let f : Y ! X be a connected normal branched Galois covering
with Galois group G. Suppose that f : Y ! X is etale outside x. Let e be the ramication index
of the covering fK : YK ! XK above the point xK . Then Y is smooth over S and the covering
fk : Yk ! Xk is tamely ramied at xk with ramication index e. In particular, e is prime to the
characteristic p.
Proof. Let t = 0 be a local equation of the point x 2 X(R). Let X 0 be the nite covering of X
dened by the equation t0e   t. Note that since x is a smooth point of X, the scheme X 0 is regular.
Let Y 0 be the normalization of Y X X 0.
Y 0K //

Y 0

(Y X X 0)K //

Y X X 0 //

Y
f

X 0K // X
0 // X:
Since f is etale outside t = 0, the morphism Y 0 ! X 0 is etale outside t0 = 0. On the other hand, as
K is of characteristic 0, YK ! XK is tamely ramied at xK with ramication index e. Therefore,
by denition (cf. Denition 1.1.5), we can nd that Y 0K ! X 0K is etale. Therefore, Y 0 ! X 0 is etale
above the points of codimension  1. Then by Lemma 1.2.35, we can conclude that Y 0 ! X 0 is
31
etale. By taking reduction modulo , we get a commutative diagram
Y 0k

// Yk
fk

X 0k // Xk
Since Y 0k ! Xk is etale over tk 6= 0, the commutative diagram implies that e is prime to p. Therefore,
by Abhyankar's lemma (cf. Lemma 1.1.8), the covering f : Y ! X is isomorphic to X 0 ! X locally
in the etale topology. Hence, fk : Yk ! Xk is isomorphic to X 0k ! Xk locally in the etale topology,
which implies that Yk ! Xk is tamely ramied at xk with ramication index e. This completes the
proof.
Lemma 1.2.37. Let Y be an integral smooth R-curve, y a K-rational point of YK which specializes
a point o of Yk and  the generic point of the irreducible component of Yk containing the point o.
Let G be a nite group of automorphisms of the R-curve of Y and consider the quotient X
def
= Y=G,
which is a smooth R-curve (cf. Proposition 1.2.33). Let x be the image of y in XK and suppose
that YK ! XK is etale outside x. Let npa denote the ramication index at y with p - n. Let Iy; Io
and I denote the inertia subgroups at the points y; o and  respectively. Note that Iy and I are
subgroups of Io. Then we have the following.
(1) I is a p-group.
(2) I is a normal subgroup of Io and the quotient Io=I is cyclic of order n.
In particular if n = 1, then Iy  I = Io, and moreover if a  1, then f : Y ! X is ramied along
the irreducible component containing o.
Proof. After an etale localization at o, we may assume that G = D = Do = Io. Here Do and
D mean the decomposition group at the points o and  respectively. Therefore, I is normal in
D = Do = Io. Let  be the image of  in Xk. Since both Xk and Yk are reduced, by Proposition
1.2.34, the extension of discrete valuation rings OY;  OX; is weakly unramied. Therefore,
#I = [OYk; : OXk;]i;
where the right hand side is the inseparable degree of the extension of the residue elds. Therefore,
I is a p-group. To study the quotient Io=I, let us consider the quotient Y
0 def= Y=I. By Lemma
1.2.36, we can nd that the covering Y 0k ! Xk is tamely ramied above xk and the inertia group is
cyclic of order #Io=I = e
0 the ramication index of Y 0K ! XK at the image y0 of y in Y 0K , which
must be prime to p. However, since I is a p-group, e
0 must coincide with npb for some b  a.
Therefore #Io=I has to coincide with n. This completes the proof.
Lemma 1.2.38. Let f : Y ! X be a Galois covering of group G where X and Y are proper regular
R-curves which have semi-stable reduction. Suppose that all irreducible components of the special
bers Xk and Yk are smooth and that fK : YK ! XK is etale. Let y be an ordinary double point
of Y , whose image in X is a double point x. Let C1 and C2 be the two irreducible components
of Yk passing through y (Note that since C1 and C2 are smooth, C1 6= C2), and let 1 and 2 the
corresponding generic points of Yk. Then we have the following.
(1) I1 and I2 are normal p-subgroups of Iy, and hI1 ; I2i is the normal p-Sylow subgroup of Iy.
(2) The quotient Iy=hI1 ; I2i is cyclic of order prime-to-p.
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Proof. After an etale localization at y, we may assume that G = D1 = D2 = Iy. Then I1 and
I2 are normal subgroups of Iy. Since both Xk and Yk are reduced, I1 and I2 must be p-groups
again (cf. Proof of Lemma 1.2.37). Therefore hI1 ; I2i = I1  I2 is a normal p-subgroup of Iy.
Therefore, it suces to show that the quotient Iy=hI1 ; I2i is cyclic of order prime-to-p. By taking
the quotient by hI1 ; I2i, we may assume that I1 = I2 = 1. After henselizations at x and at y,
we obtain a homomorphism of local rings O ! O0 which is etale outside the closed point x. Since
X ! SpecR and Y ! SpecR are locally complete intersection, the canonical sheaves !O=R and
!O0=R (cf. Denition 1.2.1) are invertible sheaves. Since the canonical morphism f
!O=R ! !O0=R
is an isomorphism at codimension  1, we have
f!O=R
'  ! !O0=R:
Similarly for the special bers,
fk!Ok
'  ! !O0k : (1.2.6)
Let C 0 be one of irreducible components of Y passing through y and C its image in X.
C 0 
 //

Y

C 
 // X
By assumption both C and C 0 are smooth, we have !O=kjC = 
1C=k(x) and !O0=kjC0 = 
1C0=k(y) and
therefore by restricting the equation (1.2.6) to C 0, we get an isomorphism
(fkjC0)
C=k(x) '  ! 
1C0=k(y);
which implies that the covering C 0 ! C is tamely ramied at y with inertia Iy. This implies that
Iy is cyclic of prime-to-p order. This completes the proof.
Now we apply the above arguments to the Abhyankar conjecture. Let k be an algebraically
closed eld of positive characteristic p > 0. Let W (k) be the ring of Witt vectors of k and K0
the eld of fractions of W (k). Fix an algebraic closure K of K0 and x an inclusion of elds
 : K ,! C. Let G be a quasi-p-group. As G can be generated by p-Sylow subgroups, there exists a
set of generators 1; : : : ; m of G such that each i is of p-power order. By adding copies of these
generators, we may assume that the condition 1   m = 1 is satised. Let fxi;Kgmi=1 be the set
of K-valued points of P1
K
. Let uK 2 UK
def
= P1
K
n fx1;K ; : : : ; xm;Kg be a K-valued point. Then
by Theorem 1.1.10, the etale fundamental group et1 (UK ; uK) is a free pronite group topologically
generated by elements figmi=1 with the unique relation
Qm
i=1 i = 1. Moreover, for each 1  i  m
the element i can be chosen to be a generator of inertia above the point xi;K . Thus there exists a
surjective homomorphism
et1 (UK ; uK) G
such that i is mapped to i for any 1  i  m. Let YK ! P1K be the corresponding connected
branched Galois covering with Galois group G. We can nd a nite extension K=K0 in K and a
branched Galois covering YK ! P1K with Galois group G so that all the branch points fxi;Kgmi=1
are K-rational with xi 
K K = xi;K and the covering YK ! P1K comes from YK ! P1K . We shall
denote by R the valuation ring of K. Let Y be the normalization of P1R in YK . Then Y is a proper
R-curve and Y ! P1R is a branched G-covering.
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Proposition 1.2.39. Let X be a proper at R-curve such that the generic ber XK is a projective
smooth curve over K. Then after a nite extension of K, there exists a minimal proper birational
morphism X 0 ! X such that X 0 is regular and semistable. Here, a proper birational morphism
X 0 ! X with X 0 regular is said to be minimal if for any other proper birational morphism X 00 ! X
with X 00 regular, the birational map X 00 99K X 0 over X becomes a morphism over X.
Proof. By Theorem 1.2.3, there exists a proper birational morphism 0 : X 0 ! X such that X 0 is
regular. By contracting exceptional curves of the rst kind, we obtain a proper birational morphism
X 0 ! Xmin with Xmin a minimal model of XK . By Theorem 1.2.30, we may assume that Xmin has
semistable reduction. Since X 0 ! Xmin can be written as a sequence of contractions of exceptional
curves of the rst kind, by Lemma 1.2.26, X 0 has semistable reduction as well. By contracting
exceptional curves E  X 0 of the rst kind with (E) a point of X, we can assume that X 0 does
not contain such a one E. By Lemma 1.2.27, X 0 still has semistable reduction. (Note that if the
genus of XK is zero, then the birational map X
0 99K Xmin is not a morphism in general.) We claim
that 0 : X 0 ! X is minimal. Suppose given another one 00 : X 00 ! X. Then there exist sequences
(over X) of blow ups of closed points
X 0s !    ! X 01 ! X 00 = X 0;
X 00t !    ! X 001 ! X 000 = X 00
with X 0s = X 00t . However, since both X 0 and X 00 are regular, these sequences are actually made
up with contractions of exceptional curves of the rst kind. We shall prove that X 00 99K X 0 is a
morphism by induction on t. If t = 0, then X 00 ! X 0 is a morphism. Thus we are done. Suppose
that t > 0. Let E  X 00t = X 0s be an exceptional curve of the rst kind which is contracted by
X 00t ! X 00t 1. Note that by assumption on X 0, we have s > 0.
If E is mapped to a point of X 0, e.g. if the genus of XK is greater than zero (cf. Corollary
1.2.22), then by Lemma 1.2.9, the morphism X 0s ! X 0 factors through X 00t 1. By induction, we can
conclude that X 0s ! X 0 factors through X 00, whence the birational map X 00 99K X 0 is a morphism.
Therefore X 0 ! X is minimal.
If E is not mapped to a point of X 0. Then there exists an integer 0 < u  s and an exceptional
curve E0  X 0u of the rst kind which is contracted by X 0u ! X 0u 1 such that the image E00 of E
in X 0u is an exceptional curve of the rst kind with E0 \ E00 6= ;. Then by Proposition 1.2.21, the
special ber of X 0u has exactly two irreducible components E0 and E00. This implies that X 0u 1 = X 0
and the special ber of X 0 is irreducible. However, X 0 ! X is a sequence of blow ups of closed
points, this implies that X 0 = X, whence X 00 99K X 0 is nothing but the morphism X 00 ! X. This
completes the proof.
By applying the above proposition to our situation, there exists a minimal proper birational
morphism Y 0 ! Y such that Y 0 is regular and has semistable reduction. The minimality of Y 0 ! Y
implies that the action of G on Y extends uniquely to the one on Y 0. Indeed, each element  2 G
induces a unique birational map Y 0 99K Y 0 such that the diagram
Y 0 //___

Y 0

Y 
// Y
is commutative. However, the minimality implies that the dotted arrow Y 0 99K Y 0 must be a
morphism and it actually becomes an isomorphism. Let X 0 def= Y 0=G be the quotient of Y 0 by the
action of G. Then X is a semistable model of P1K (cf. Proposition 1.2.33). The points fxi;Kgmi=0
extends uniquely to integral points of X 0 which still have disjoint support in X 0. After a nite
extension of R and blow ups of X 0 and Y 0, we may assume the following conditions are satised.
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C1. The irreducible components of the special ber Y 0k of Y
0 is smooth.
C2. The points fxi;Kgmi=1 extends uniquely to points fx0igmi=1 of X 0(R) which have disjoint support
and which are contained in the smooth locus of X 0.
Indeed, let Z  Y 0 be the set of singular points of Y 0k which are not intersection points between
dierent irreducible components andW the image of Z in X 0. We can continue to blow up Y 0 ! X 0
along Z !W until the condition (C1) is fullled. Moreover, since such a set Z of singular points is
stable under the action of G, by the universality of the blow up, the action of G on Y 0 is canonically
extended to a new model on YK . Therefore we may assume that the condition (C1) is satised.
On the other hand, suppose that xi;K specializes to a singular point xi;k of Xk. Let Fi  Y 0 be
the ber above xi;k. Then F is stable under the action of G. Take an etale neighbourhood Ui of
xi;k which is etale cover of SpecR[u; v]=(uv   n) (cf. Lemma 1.2.25). Then xi;K specializes to xi;k
if and only if
0 < vK(u(xi;K)); vK(v(xi;K)) < n
where vK is the normalized valuation of K. Therefore we can continue to blow up Y
0 ! X 0 along
Fi ! fxi;kg, which reduces the thickness n, for each such an index i until the condition (C2) is
fullled. Therefore we may assume that the condition (C2) is also satised for the G-covering
Y 0 ! X 0.
Moreover, by virtue of Corollary 1.2.11, we can choose such X 0 and Y 0 which are minimal with
respect to these properties. As X 0 is a semistable model of P1K , the special ber X 0k of X 0 is a tree
of projective lines. From the construction, we have the following commutative diagram
Y 0 //

X 0

Y // X
with X = P1R.
Lemma 1.2.40. The group G acts by automorphisms on the graph   associated with Y 0k without
inversion. The quotient of   is the tree A0 associated with X 0k.
Proof. Let y be a double point of Y 0 and x the image of y in X 0. After an etale localization at y,
we may assume that G = Iy. By the condition (C2), the horizontal divisors fxigmi=1 do not meet
any double point of X 0k. Therefore Y
0
K ! X 0K is etale. Let 1 and 2 be the two generic points of
Y 0k passing through y. Note that the condition (C1) implies that 1 6= 2. We have to show that Iy
does not permute 1 and 2. Suppose the contrary. Let N < Iy be the subgroup which stabilizes
each i (i = 1; 2). Then [Iy : N ] = 2, whence N is normal in Iy. Let Z
def
= Y 0=N be the quotient of
Y 0 by N . Then the image z of y in Z is a double point. Since the action of H def= Iy=N on Zk is
a permutation of irreducible components of Zk, the image x of z in X
0 = Z=H must be a smooth
point. By applying Lemma 1.2.36 to the covering Z ! X 0, which is etale over X n fxg, we can nd
that Z is smooth over R. This is a contradiction. The last assertion is immediate from the rst
one.
As in the above lemma, we denote by A0 the tree associated with X 0k and o
0 the vertex of A0
corresponding to Xk. We x an orientation of A
0 starting from o0 and going in the direction of the
extremities. We orient the graph   associated with Y 0k in a way compatible with the orientation of
A0.
Lemma 1.2.41. Let C be an irreducible component of Y 0k and  the generic point of Yk which
corresponds to C. Suppose that I = 1. Then C is above a terminal component.
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Proof. Let C 0 be the image of C in X 0k. Let  be the set of vertices s of A
0 such that there exists a
path (which is subject to the xed orientation) in A0 linking s to o0 and which passes through c0 where
c0 is the vertex corresponding to C 0. By contracting all the irreducible components corresponding
to vertices in  (Corollary 1.2.11), we obtain an R-curve eX which is birational to X. Let eY be the
normalization of eX in YK . We have obtained the following commutative diagram
Y 0 //

X 0
eY //

eX

Y // X
We denote also by C and C 0 the image of C in eY and the image of C 0 in eX respectively. By
construction, C 0 is a terminal component of eX. Let exi be the image of x0i in eX. Since fxigmi=1 has
disjoint support in X, tha same condition is satised for fexigmi=1 in eX.
We shall show that the resulting model eY ! eX has semistable reduction and satises the
conditions (C1) and (C2). Since now the ramication indices of YK ! XK = P1K are powers of p,
by Lemma 1.2.37 together with the assumption I = 1, any of fxi;Kgmi=1 does not specialize on the
component C 0 of eXk. Therefore, by Lemma 1.2.36, the covering eY ! eX is etale above the points
of C 0 other than the unique double point, which implies that eY has semistable reduction and that
the condition (C1) is satised for eY . Therefore the model eY ! eX has semistable reduction and
satises the conditions (C1) and (C2). However, by the minimality of Y 0 ! X 0, we have X 0 = eX
and Y 0 = eY . This completes the proof.
1.2.4 Proof of the conjecture: The combinatorial part
We introduce the notion of graph with inertia. Let   be a nite oriented graph on which a nite
group G acts by automorphisms. We assume that the following conditions (G1){(G8) are satised.
G1. The graph   is connected.
G2. The quotient graph  =G is a tree A0 with a given origin vertex o0. Let h :   ! A0 be the
canonical projection. We x an orientation of the tree A0 starting from o0 and going in the
direction of the extremities.
G3. We choose an oriented tree A, which is a subgraph of  , and which lifts the tree A0. We
denote by s and  a vertex of A above the vertex s0 of A0 and an edge above the edge 0 of A0
respectively. In particular, there exists an origin vertex o in A.
G4. For each vertex s in  , suppose given a subgroup Ds of G, called the decomposition subgroup
at s. For each vertex s of A, we denote by As the sub-oriented tree of A, which consists of
s and the edges and vertices which go further from s in the direction of the extremities of
A. Let A0s0 be the image of As in A
0. The connected components of h 1(A0s0) are projected
by h on A0s0 , and they are permuted under the action of G. We denote by  s one of these
connected components which contain As, and denoted by Gs the subgroup of G of elements
which stabilize  s. If s is an extremal vertex of A, then As consists of the unique vertex s
without edge, so Gs = Ds. In general, Gs contains Ds. Also one has Ao = A and A
0
o0 = A
0.
Since   is connected and h 1(A0o0) = h
 1(A0) =  , we have  o =  , whence Go = G. For
every vertex s of A, we denote by T (s) the set of vertices of A which are directly linked to s
by an edge starting from s.
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Proposition 1.2.42. For every vertex s of A, one has
Gs = hGt;t2T (s); Dsi:
Proof. See [60, Proposition 2.2].
G5. For every vertex s of  , we suppose given a normal subgroup Is of Ds, called the inertia
subgroup at s. Moreover if s and s0 are two vertices such that s0 = gs for some g 2 G, then
Is0 = gIsg
 1.
G6. The inertia subgroups Is satisfy the following conditions
 For every vertex s of  , Is is a p-group.
 For every vertex s of   which ic not above a terminal vertex of A0, Is is not trivial.
G7. For every edge  of  , we denote by I the subgroup of G of elements which stabilize . If 
links the vertices a and b, then I  Da \Db. We assume that Ia and Ib are contained in I
as a normal subgroup. In addition, we suppose that hIa; Ibi is a p-Sylow subgroup of I . We
denote by I the quotient group I=hIa; Ibi, which is of order prime to p.
G8. For every vertex s of  , we denote by Ds the quotient group Ds=p(Ds). For every t 2 T (s),
let (t) denote the edge of A linking a and t. Then I(t) is contained in Ds. Moreover, by the
condition (G7), the inclusion I(t) ,! Ds induces a homomorphism I(t) ! Ds. We suppose
that for a convenient choice if the lifting A in   of the tree A0, one has
Ds = hIm(I(t) ! Ds)t2T (s)i:
for any vertex s of A.
Denition 1.2.43. An oriented nite graph   on which a nite group G acts is called graph with
inertia if the conditions (G1){(G8) are fullled.
In the following we assume given a graph ( ; G) with inertia.
Corollary 1.2.44. For any terminal vertex s of A, Ds is a quasi-p-group.
Proof. Since s is a terminal vertex, we have T (s) = ;, whence, by the condition (G8), Ds = 1. This
completes the proof.
Corollary 1.2.45. Let s be a vertex of A. Then
Gs = hGt;t2T (s); p(Ds)i:
Proof. Let
H
def
= hI(t);t2T (s)i:
Since I(t)  Dt  Gt for t 2 T (s), we have H  hGt;t2T (s)i. Since I(t)  Ds for t 2 T (s), we have
H  Ds. On the other hand, by the condition (G8), we have
Ds = hI(t);t2T (s); p(Ds)i = hH; p(Ds)i:
Therefore, by Proposition 1.2.42, we have
Gs = hGt;t2T (s); Dsi = hGt;t2T (s);H;Dsi
= hGt;t2T (s);H; p(Ds)i = hGt;t2T (s); p(Ds)i:
This completes the proof.
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Corollary 1.2.46. For every vertex s of A, the group Gs is a quasi-p-group. In particular, G = Go
is a quasi-p-group.
Proof. Let n be the diameter of the subtree As. We shall prove the assertion by induction on n. If
n = 0, then s is a terminal vertex of A and the assertion follows from Corollary 1.2.44. Suppose
n > 0. By induction hypothesis, Gt (t 2 T (s)) are quasi-p-groups. Therefore, by Corollary 1.2.45,
Gs = hGt;t2T (s); p(Ds)i
is a quasi-p-group. This completes the proof.
Theorem 1.2.47. Let ( ; G) be a graph with inertia. Suppose that G contains no nontrivial normal
p-subgroups. Let S be a p-Sylow subgroup of G. Then if G(S) 6= G, there exists a terminal vertex
s of A such that Ds = G.
Proof. Let L be the set of vertices s of A such that Gs = G. Then o 2 L, whence L 6= ;. Moreover,
if s 2 L, then all the vertices between s and o are in L. Indeed, for any vertex t between s and o,
we have As  At and  s = h 1(A0s0)  h 1(A0t0), which implies that  t = h 1(A0t0), whence Gt = G.
Therefore L is the set of vertices of a oriented subtree B of A. Let s be a terminal vertex of B. If
s is a terminal vertex of A, then we have Ds = Gs = G.
Suppose that s is not a terminal vertex of A. By Corollary 1.2.45, we have
G = Gs = hGt;t2T (s); p(Ds)i:
Note that by Corollary 1.2.46, all the Gt are quasi-p-groups. Since s is a terminal vertex of B, all
the Gt are strict subgroups of G. Moreover, since s is not a terminal vertex of A, by the condition
(G6), the inertia subgroup Is is nontrivial. However, Is is a normal p-subgroup of Ds and G does
not contain any nontrivial normal p-subgroup. Therefore Ds 6= G and particularly p(Ds) 6= G. For
any t 2 T (s), Is  I(t)  Gt. Let S be a p-Sylow subgroup of G which contains Is. Note that
Is  S \Gt (t 2 T (s)) and Is  S \ p(Ds). By the next lemma, the groups Gt (t 2 T (s)) and p(Ds)
are contained in G(S), whence G = G(S). This completes the proof.
Lemma 1.2.48. Let G be a quasi-p-group which has no nontrivial normal p-subgroup. Let S be a
p-Sylow subgroup of G. Let H be a strict quasi-p-subgroup of G. If S \H 6= 1, then H  G(S).
Proof. Suppose that S \H 6= 1. We shall prove H  G(S) by induction on the index [S : S \H]. If
[S : S \H] = 1, then S is a p-Sylow subgroup of H, whence H  G(S) and we are done. Suppose
that [S : S \H] > 1. Fix a p-Sylow subgroup Q of H which contains S \H. If Q = S \H, then
H  G(S) and we are done. Thus, we shall assume that Q 6= S \H. Let N def= NG(S \H) = fg 2
G j g(S \H)g 1 = S \Hg be the normalizer of S \H in G. Then
1 6= S \H C N;
so, by assumption on G, we have G 6= N , whence G 6= p(N). Moreover, since S is nilpotent and
S 6= S \H, NS(S \H) contains S \H strictly. Therefore,
S \H ( NS(S \H) = S \N = S \ p(N):
By induction hypothesis, we have p(N)  G(S). On the other hand,
S \H ( Q \N  p(N):
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Since Q\N is a p-subgroup of G(S), there exists an element x 2 G(S) such that x(Q\N)x 1  S,
whence
x(Q \N)x 1  S \ (xHx 1):
Therefore,
#S \H < #Q \H = #x(Q \H)x 1  #S \ (xHx 1):
Therefore, by induction hypothesis, we have xHx 1  G(S). As x 2 G(S), we can conclude that
H  G(S). This completes the proof.
Now we can complete the proof of the Abhyankar conjecture for the ane line A1k in the last
case G(S) 6= G.
Proof of Theorem 1.1.20(3). Suppose given a quasi-p-group G and assume that G(S) 6= G for some
(any) p-Sylow subgroup S of G and that G has no nontrivial normal p-subgroup. Let K be a
complete discrete valuation eld of characteristic 0 and R the ring of integers of K with algebraically
closed residue eld k of characteristic p > 0. Let G be a quasi-p-group. Let YK ! P1K be a
connected branched normal Galois covering with Galois group G. We have seen that one can nd
such a covering so that all the branch points fxi;Kgmi=1 are K-rational with ramication indices
p-power and extends to R-valued points fxigmi=1 of P1R which have disjoint supports. Let Y be the
normalization of P1R in YK . In x1.2.3, we have shown that after a nite extension of K, there exists
a commutative diagram
Y 0 //

X 0

Y // X
with X
def
= P1R such that the two vertical arrows Y 0 ! Y and X 0 ! X are proper birational
morphisms and Y 0 ! X 0 is a connected Galois covering of semistable curves with Galois group G
which extends to the G-covering Y ! X and, moreover, the diagram satises the conditions (C1)
and (C2) in x1.2.3 and is minimal with respect to these two conditions (C1) and (C2). Let   be the
graph associated with the special ber Y 0k of Y
0. Then G acts on  . For each vertex s of  , we dene
the decomposition subgroup Ds and the inertia subgroup Is to be the decomposition subgroup D
and the inertia subgroup I respectively, where  is the generic point of the irreducible component
of Y 0k corresponding to s. For each edge  of  , we dene the inertia subgroup I to be the inertia
subgroup Iy associated with the double point corresponding to . In x1.2.3, we have shown that
( ; G) satises the conditions (G1){(G7) and the quotient A0 =  =G is the tree associated with the
special ber X 0k of X
0 where we choose the origin o0 so that it corresponds to the special ber Xk
of X = P1R.
We shall check the condition (G8) for the graph ( ; G). First we x an arbitrary lifting o of
the origin o0. We shall construct a desired lifting A of A0 step by step. Suppose that we have
constructed a lifting B of a subtree B0  A0 such that o 2 B and one has
Ds = hIm(I(t) ! Ds)t2T (s)i
for any vertex s of B. If B0 6= A0, then there exists a vertex s0 of B0 such that s0 is directly linked to
some vertex of A0 nB0. In this case, we choose an arbitrary lifting s of s0. Let 0(t0) (t0 2 T 0(s0)) be
the set of oriented edges of A0 whose initial vertex is s0. It suces to lift them to edges of   whose
initial vertex is s. The vertex s0 (respectively the vertex s) corresponds to an irreducible component
P = P1k of X 0k (respectively an irreducible component C of Y 0k). Each 0(t0) (t0 2 T 0(s0)) corresponds
to a double point x(t0) of X 0k which lies in P . If s
0 6= o0, then there exists a unique edge 01 of B0
whose terminal vertex is s0, which has been already lifted to an edge 1 of B. In this case, we may
39
assume that the double point corresponding to 01 is 1 2 P = P1k and we denote by f1 2 C the
corresponding double point of Y 0k to 1. The morphism C ! P is a branched Galois covering with
Galois group Ds=Is, which is etale over P nfx(t0)(t 2 T 0(s0));1g. Put C = C=p(Ds). The subcover
C ! P is a branched prime-to-p Galois cover with Galois group Ds. Then, by Corollary 1.1.9 (and
its proof), there exist liftings x(t0) 2 C of x(t0) (t0 2 T 0(s0)) and a lifting 1 2 C of 1 such that
Ds = hIx(t0);t02T 0(s0); I1i and I1 
Y
t02T 0(s0)
Ix(t0);
whence
Ds = hIx(t0);t02T 0(s0)i;
where I? < Ds is the inertia subgroup of the branched Galois covering C ! P at each point ? 2 C.
Moreover, by conjugation, we may assume that 1 is the image in C of f1 2 C. Now, for each
t0 2 T 0(s0), choose a lifting ex(t0) 2 C of x(t0) 2 C. Let (t) denote the edge of   corresponding to
the double point ex(t0) for any t0 2 T 0(s0), which gives a lifting of 0(t0). Then, as
Ix(t0) = Im(I(t) ! Ds)
for any t0 2 T 0(s0), we are done. Therefore, the graph ( ; G) satises the condition (G8).
Therefore, ( ; G) is a graph with inertia (cf. Denition 1.2.43). By Theorem 1.2.47 together
with the assumption that G 6= G(S) and that G has no nontrivial normal p-subgroup, we can nd
that there exists a terminal vertex s of A such that Ds = G. Let C be the irreducible component
of Y 0k corresponding to s. Let C
0 be the image of C in X 0, which is an irreducible component of X 0k
corresponding to the vertex s0 = h(s) of A0. As Is C Ds = G and Is is a p-group, by assumption
on G, Is must be trivial. Moreover, the condition that Ds = G implies also that C is the unique
component above C and the morphism C ! P is a connected Galois covering with Galois group
Ds=Is = Ds = G which is etale above points of C
0 other than the unique double point, which implies
that G 2 etA (A1k). This completes the proof.
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Chapter 2
Fundamental gerbes and their
tannakian interpretations
2.1 Fundamental gerbes
2.1.1 Tannakian gerbes
Let S be a site. We dene the bered category BAND0(S) over S to be the one such that, for each
object T ! S, the category BAND0(S)T consists of sheaves of groups over S as the objects and, for
any two objects G;G0, the set of morphisms between them is dened by
HomBAND0(S)T (G;G
0) def=  (T;HomT (G;G
0)=G0);
where G0 acts on the Hom-sheaf HomT (G;G0) via inner automorphisms of G0. We dene the S-stack
BAND(S) to be the stackication of the bered category BAND0(S) over S.
Denition 2.1.1. (cf. [59, Chapter III, 2.1.3]) Suppose that S has a nal object e. An S-band is
an object of the category Band(S)
def
= BAND(S)e.
From now on, we always suppose that S has a nal object e. From the denition, there exists
a natural functor
bd : Group(S)  ! Band(S) (2.1.1)
from the category Group(S) of sheaves of groups over S to the category Band(S) of S-bands (cf. [59,
Chapter III (2.1.3.1)]).
Denition 2.1.2. An S-band L is said to be representable if it is isomorphic to bd(G) for some
sheaf of groups on S. Note that any S-band is locally representable. An S-band is said to be abelian
if it is locally represented by an abelian sheaf over S.
In fact, any abelian band is always representable.
Proposition 2.1.3. (cf. [59, Chapter III, 2.1.3.]) There exists an equivalence of categories between
the category of abelian sheaves over S and the category of abelian S-bands.
To each gerbe G over S, we can attach canonically an S-band bd(G) in the following way. Let
fSigi2I be a covering of the nal object e! S such that the categories GSi are nonempty, whence
for each i, GSi ' TORSSi(Gi) as Si-gerbes for some group sheaf Gi of Si. Then the identities
GSi jSij = Gj jSij , where Sij = Si e Sj , denes a descent datum of fbd(Gi)gi2I with respect to the
covering fSigi2I , whence an S-band bd(G). If bd(G) is representable by a sheaf G of groups over
S, we say that G is banded by G. Any gerbe is locally banded by a sheaf of groups.
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Denition 2.1.4. (cf. [59, Chapter III, 2.2.2]) Let S = SpecA be an ane scheme. A gerbe
G  ! (A=S)fpqc over the fpqc site of ane S-schemes is said to be tannakian if G is locally
banded by an ane at S-group scheme. We denote by (TannGer=S), or (TannGer=A), the 2-
category of tannakian gerbes over (A=S)fpqc. For simplicity, we call an object of (TannGer=S) a
tannakian gerbe over S without mentioning the fpqc topology.
Let S = SpecA be an ane scheme. Any tannakian gerbe G over S admits a presentation
G X by an ane at S-groupoid scheme G acting transitively on an ane at S-scheme X. In
fact, we have the following.
Proposition 2.1.5. (cf. [74, Proposition 4.12]) Let X  ! S be an fpqc covering. There exists an
equivalence of categories between the category of pairs (G; !), where G is a tannakian gerbe over
S and ! : X  ! G is a section and the category of ane at S-groupoid schemes G  X acting
transitively on X.
If S = Spec k is the spectrum of a eld k, then tannakian gerbes have the following properties.
Proposition 2.1.6. Let  be a tannakian gerbe over a eld k. Then we have the following.
(1)  has an fpqc presentation of the type R U , where R is ane and U is the spectrum of a
eld.
(2) Any morphism from a non-empty algebraic stack X to  is faithfully at and an fpqc cover.
If X = X is a scheme, then it is moreover representable.
Proof. See [13, x3 Proposition 3.1(a), (b)].
Now we introduce the notion of projective limit over an ane scheme S = SpecA of tannakian
gerbes following [13, x3].
Denition 2.1.7. (cf. [13, x3, Denition 3.2]) A coltered 2-category I is a small 2-category I such
that, for any two objects i; j 2 I,
(i) there exists another object k with arrows k ! i and k ! j, and
(ii) given any two 1-arrows a; b : j ! i, there exists a unique 2-arrow a) b.
Denition 2.1.8. (cf. [13, x3, Denition 3.3]) A projective system in (TannGer=S) consists of a
coltered 2-category I and a strict 2-functor   : I  ! (TannGer=S).
Given a projective system   : I  ! (TannGer=S), we denote by  i the image of an object i 2 I
and  a :  j  !  i the functor associated with a 1-arrow a : j ! i. Finally, if a; b : j ! i are
1-arrows, we denote by  a;b the natural isomorphism associated with the unique 2-arrow a) b.
Denition 2.1.9. (cf. [13, x3, Denition 3.5]) Let   : I  ! (TannGer=S) be a projective system in
(TannGer=S). The projective limit lim    is the bered category in groupoids over (A=S) dened
as follows.
An object  of lim    consists of the following data.
 An ane S-scheme T and an object i of  i(T ) for each i 2 I.
 For each 1-arrow a : j ! i in I, an arrow a :  a(j)! i in  i(T ).
These are required to satisfy the following conditions.
42
(i) If a : j ! i and b : k ! j are 1-arrows in I, the diagram
 ab(k)
 a(b) //
ab
$$J
JJ
JJ
JJ
JJ
J
 a(j)
a

i
commutes.
(ii) If a; b : j ! i are 1-arrows, the diagram
 a(j)
 a;b //
a ""D
DD
DD
DD
DD
 b(j)
b||zz
zz
zz
zz
z
i
commutes.
An arrow f :   !  consists of a morphism of ane S-schemes  : T  ! T 0 and an arrow
fi : i  ! i for each i 2 I, such that
(i) fi maps to  in (A=S) for any i 2 I, and
(ii) for each 2-arrow a : j ! i, the diagram
 a(j)
 a(fj)//
a

 a(j)
a

i
fi
// i
commutes.
Proposition 2.1.10. Let   : I  ! (TannGer=S) be a projective system of tannakian gerbes over
an ane scheme S = SpecA. Then we have the following.
(1) If the project limit lim    admits a section  : X  ! lim    for some fpqc cover X  ! S of S,
then it is a tannakian gerbe over S.
(2) (cf. [13, x3, Proposition 3.7]) In the case where S = Spec k is the spectrum of a eld k, if the
projective limit lim    is nonempty, then it is a tannakian gerbe over k.
Proof. (1) To ease of notation, put  = lim   . Let i be an image of  in  . Since each  i is a
tannakian gerbe over S, by Proposition 2.1.5, the bered product X  i X is represented by the
ane groupoid S-scheme Pi
def
= IsomXSX(pr

2i; pr

1i)  X acting transitively on X. If a : j ! i
is an arrow in I, the corresponding isomorphism a :  a(j) ! i induces a morphism of X S X-
schemes Pj  ! Pi. This denes a functor I  ! (A=XSX) of ane XSX-schemes and hence
the inverse limit P
def
= lim  I Pi is well-dened and it is an ane X S X-scheme. Since the limit of
ane faithfully at X S X-schemes is again an ane faithfully at X S X-scheme. Therefore,
P  X denes an ane at S-groupoid scheme acting transitively on X and this gives an fpqc
presentation of  = lim   . This completes the proof.
(2) As lim    is nonempty, it admits a section X  ! lim    for some nonempty ane scheme X
over k. Then by (1), the projective limit lim    is a tannakian gerbe over k.
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2.1.2 Finite stacks
Let S = SpecA be an ane scheme.
Denition 2.1.11. (cf. [13, x4 Denition 4.1] [71, x5]) (1) A nite stack over S is a stack over S
that is represented by an fppf groupoid R  X, where R and X are nite, nitely presented and
faithfully at S-schemes.
(2) A nite gerbe over S is a nite stack over S that is a gerbe in the fppf topology.
Proposition 2.1.12. We have the following.
(1) A nite stack over S is an algebraic stack.
(2) An algebraic stack   over S is nite if and only if it has nite at diagonal and admits a at
surjective morphism U  !   from some nite at S-scheme U .
(3) A nite stack over S is always an fpqc stack over S. In particular, a nite gerbe over S is
tannakian (cf. Denition 2.1.4).
Proof. See the paragraph below [13, x4 Denition 4.1].
Proposition 2.1.13. (cf. [13, x4 Proposition 4.2]) Suppose that S is the spectrum of a eld k.
Then an algebraic stack   over S is nite if and only if the following conditions are satised.
(i)   is of nite type over k.
(ii) The diagonal of   is quasi-nite.
(iii) The category  (k) has nitely many isomorphism classes for an algebraically closure k of k.
Proof. See [13, x4 Proposition 4.2].
Proposition 2.1.14. A nite stack   over S is a nite gerbe if and only if it has geometrically
connected and geometrically reduced bers.
Proof. First suppose that   is a nite gerbe over S. Then for any point s 2 S, the 2-ber product
 s =   S s is a nite gerbe over Spec k(s). Thus, by [13, x4 Proposition 4.3],  s is geometrically
connected and geometrically reduced. Therefore, it suces to the `if' part. Suppose that   has
geometrically connected and geometrically reduced bers. After taking an fppf cover over S, we
may assume that   admits a section S  !  . The bered product G def= S S is the automorphism
sheaf of , which is representable by an ane at S-scheme. If the morphism S  !   is at and
surjective, then G  S gives a presentation of  . However, by [13, x4 Proof of Proposition 4.3],
the map S  !   induces a at morphism over bers. Thus, by checking atness ber by ber, the
map S  !   is a at morphism. Therefore, the image is open. On the other hand, since   is nite,
it is also closed. Therefore, the connectedness of   implies that the map S  !   is surjective. This
completes the proof.
Denition 2.1.15. The degree degS  , or shortly deg  , of a nite gerbe over S is the rank of
locally free OS0-module OG, where G is the automorphism group scheme AutS0() of an object  of
 (S0) for an fppf cover S0  ! S. This is independent of the choice of  : S0  !  .
Proposition 2.1.16. Let f :    !  is a representable morphism of nite gerbes over S. Then
degS   divides degS , and f is an isomorphism if and only if degS   = degS .
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Proof. Since f is representable, for any object  : S0  !  , the induced homomorphism AutS0()  !
AutS0(f()) is a closed immersion of nite, nitely presented, faithfully at S-group schemes. Thus,
the claim is standard.
Denition 2.1.17. A pronite gerbe over S is an fpqc gerbe over S that is equivalent to a projective
limit (cf. Denition 2.1.9) of nite gerbes over S.
2.1.3 Nori fundamental gerbe
Let k be a eld and put S = Spec k.
Denition 2.1.18. (cf. [13, x5 Denition 5.1]) Let X be a bered category in groupoids over k. A
Nori fundamental gerbe, or shortly a fundamental gerbe, for X is a pronite gerbe NX=k (cf. Denition
2.1.17) over k together with a k-morphism X  ! NX=k such that, for any nite stack   over k, the
induced functor
Homk(
N
X=k; )  ! Homk(X ; )
is an equivalence of categories.
Remark 2.1.19. If X  ! NX=k be a Nori fundamental gerbe, then for any pronite gerbe  over
k, the induced functor
Homk(
N
X=k;)  ! Homk(X ;)
is an equivalence of categories (cf. [13, x5 Proposition 5.2]). In particular, a Nori fundamental gerbe
NX=k for X is unique up to a canonical equivalence.
Denition 2.1.20. (cf. [13, x5 Denition 5.3]) A bered category X over k is inexible if it is
non-empty, and for any morphism X  !   to a nite stack over k, there exists a closed substack
 0    that is a nite gerbe over k, and a factorization X  !  0  !  . Note that, if such a  0
exists, then it must be the scheme-theoretic image of X in  .
Here, we give two examples of inexible bered categories.
Proposition 2.1.21. (cf. [13, Propositions 5.4(b) and 5.5(b)]) Let X be a bered category in
groupoids over k. Then we have the following.
(1) If X 6= ; and every morphism X  !   to a nite stack over k factors through a tannakian
gerbe over k, then X is inexible. In particular, any tannakian gerbe over k is inexible.
(2) If X is an algebraic stack of nite type over k which is geometrically connected and geomet-
rically reduced, then it is inexible.
Proof. (1) Let f : X  !   be an arbitrary morphism to a nite stack over k. Suppose that it
factors through a tannakian gerbe  over k as follows X g  !  h  !  . By Proposition 2.1.6(2),
the morphism g is faithfully at and so the scheme-theoretic image of f in   coincides with the one
of h in  . Therefore, we may assume that X = . By Proposition 2.1.6(1), there exists an ane
faithfully at morphism SpecK  ! , where K is a eld which is an extension of k. Therefore,
the scheme-theoretic image  0 of f in   is connected and reduced. Moreover, since f :   !   is
quasi-compact, the scheme-theoretic image of f commutes with at base changes (cf. [67, Lemma
0CMK]) and so  0 is geometrically connected and geometrically reduced. Thus, by Proposition
2.1.14,  0 is a nite gerbe over k. This completes the proof.
(2) Let f : X  !   be any morphism to a nite stack over k. Since X is an algebraic stack
over k, by [67, Lemma 0CPU], the scheme-theoretic image  0 of f exists. We have to show that  0
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is a nite gerbe. By Proposition 2.1.14, it suces to show that  0 is geometrically connected and
geometrically reduced. Moreover, since X is of nite type over k, f is quasi-compact. Therefore,
by [67, Lemma 0CMK], the formulation of the scheme-theoretic image commutes with at base
change. Thus we may assume that k is an algebraically closed eld. Since X is connected,  0 is
connected as well. Since the natural map O 0  ! fOX is injective and X is reduced,  0 is reduced
as well. This completes the proof.
Theorem 2.1.22. (Borne{Vistoli, cf. [13, x5 Theorem 5.7]) Let X be a bered category in groupoids
over k. Then it admits a Nori fundamental gerbe if and only if it is inexible.
In particular, by Proposition 2.1.21(2), we have the following.
Corollary 2.1.23. (cf. [13, x5 Corollary 5.8]) A geometrically connected and geometrically reduced
algebraic stack X of nite type over a eld k has a Nori fundamental gerbe NX=k.
Corollary 2.1.24. (Nori, cf. [44, Chapter II]) Let X be a geometrically connected and geometrically
reduced algebraic stack of nite type over a eld k together with a k-rational point x 2 X (k). Then
there exists a pronite k-group scheme N(X ; x) together with a pointed fpqc N(X ; x)-torsor
(Px; px)  ! (X ; x) such that, for any nite k-group scheme G, the associated map
Homk(
N(X ; x); G)  ! Tors(X ;x)(G);  7! (Px; px)
N(X ;x) G
to the set Tors(X ;x)(G) of isomorphism classes of pointed G-torsors over (X ; x) is bijective.
Proof. By Corollary 2.1.23, the Nori fundamental gerbe X  ! NX=k for X exists. Then, the xed
rational point x 2 X (k) gives a section  : S = Spec k x  ! X  ! NX=k, whence an identication
NX=k = BkAutk(). Dene N(X ; x)
def
= Autk() and Px def= X NX=k . Then the commutativity of
the diagram
Spec k

##G
GG
GG
GG
GG
x

X // NX=k
implies Px admits a k-rational point px above x. Then for any nite k-group scheme G, if we denote
by e : Spec k  ! BkG, the canonical section, we have
Homk(
N(X ; x); G) ' Homk((NX=k; ); (BkG; e)) ' Homk((X ; x); (BkG; e)):
Here the last set is naturally identied with the set Tors(X ;x)(G). Now, through these bijections,
each homomorphism  : N(X ; x)  ! G corresponds to the pointed G-torsor (Px; px)N(X ;x) G.
This completes the proof.
Denition 2.1.25. We call the pronite k-group scheme N(X ; x) in Corollary 2.1.24 the Nori
fundamental group scheme, or shortly the fundamental group scheme, for (X ; x).
The `only if' part of the claim of Theorem 2.1.22 is an immediate consequence of Proposition
2.1.21(1) together with the denition of a Nori fundamental gerbe (cf. Denition 2.1.18). To prove
the `if' part, let us recall the following notion.
Denition 2.1.26. (cf. [13, x5 Denition 5.10]) Let X be a bered category in groupoids over a
eld k. Let   be a nite gerbe over k. A morphism X  !   is Nori-reduced if for any factorization
X  !  0  !  , where  0 is a nite gerbe over k and  0  !   is representable, then  0  !   is an
isomorphism.
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Lemma 2.1.27. (cf. [13, x5 Lemma 5.12]) Let X be an inexible bered category in groupoids over
k. Then for any morphism X  !   to a nite gerbe over k factors as follows
X  !   !  
where X  !  is Nori-reduced and   !   is representable. Moreover, X  !  is unique up to
equivalence.
Proof. We prove the existence of such a factorization by induction on deg   (cf. Denition 2.1.15).
If X  !   is not Nori-reduced, then there exists a factorization X  !  0  !   such that  0  !  
is representable but is not isomorphic. Then, according to Proposition 2.1.16, deg   is strictly less
than deg  . By induction hypothesis, there exists a factorization X  !   !  0 where X  ! 
is Nori-reduced and   !  0 is representable. Since the composition of representable morphisms
is again representable, we get a desired factorization X  !   !  . For the uniqueness of the
factorization, see the second paragraph of [13, x5 Proof of Lemma 5.12].
Lemma 2.1.28. (cf. [13, x5 Lemma 5.13]) Let X be an inexible bered category in groupoids
over k. Let f : X  !   and g : X  !  be morphisms of bered category in groupoids over k,
where   and  are nite gerbes over k and suppose that f is Nori-reduced. Suppose moreover given
u; v :    !  are morphisms of bered categories over k, and  : u  f ' g and  : v  f ' g are
isomorphisms. Then there exists a unique isomorphism  : u ' v such that   (  idf ) = .
Proof. Let us consider the following 2-Cartesian diagram
 0

//



 
(u;v)
// :
As   and  are nite stacks over k,  0 is also a nite stack over k. Moreover, as   !   is
representable, so is  0  !  . Since the diagram
X
g //
f



(;)
s{ nnn
nnn
nnn
nnn
nnn
nnn
nnn
nnn
nnn
nnn
 
(u;v)
// 
is 2-commutative. We get a lift X  !  0 of f : X  !  . However, since X is inexible, there exists
a unique factorization X  !  00  !  0 with  0 nite gerbe over k and  00  !   closed immersion,
particularly representable. Thus, as f : X  !   is Nori-reduced, the representable morphism
 00  !  0  !   must be an isomorphism. We have shown that there exists a unique section of
 0  !  , which implies that there exists a unique isomorphism  : u ' v such that   (  idf ) = .
This completes the proof.
Proof of Theorem 2.1.22. As we have already mentioned (cf. the paragraph above Denition 2.1.26),
it suces to show the `if' part. Let X be an inexible bered category in groupoids over k.
Consider the 2-category whose objects are Nori-reduced morphisms X  !   and whose 1-arrows
from f : X  !   to g : X  !  are pairs (u; ), where u :    !  is a morphism of nite stacks
over k and  : uf ' g is an isomorphism. Moreover, a 2-arrow (u; )  ! (v; ) is an isomorphism
 : u ' v such that   (  idf ) ' . Let I be a skelton of this category, which is a small 2-category.
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We rst show that I is a coltered 2-category (cf. Denition 2.1.7). By Lemma 2.1.28, the second
condition (ii) in Denition 2.1.7 is satised. We have to check the rst condition (i). Suppose given
two objects in I, X  !  i and X  !  j . Since X is inexible, there exists a factorization
X  !  0  !  i   j such that  0 is a nite gerbe over k and  0  !  i   j is a closed immersion.
By Lemma 2.1.27, there exists a factorization X  !  k  !  0 of X  !  0 such that X  !  k is
Nori-reduced, which is an object of I, hence the condition (i) is veried.
Now we dene NX=k
def
= lim  i2I  i (cf. Denition 2.1.9), which admits a morphism X  ! 
N
X=k.
As X 6= ;, whence NX=k 6= ;, by Proposition 2.1.10, NX=k is a pronite gerbe over k (cf. Denition
2.1.17). Let   be an arbitrary nite stack over k. We need to show that the functor
Homk(
N
X=k; )  ! Homk(X ; ) (2.1.2)
is an equivalence of categories. Note that we have an equivalence of categories
lim !
i2I
Homk( i; )
'  ! Homk(NX=k; )
(cf. [13, x3 Proposition 3.8]). Then, since X is inexible, by Lemma 2.1.27, the functor (2.1.2)
is essentially surjective. On the other hand, the full faithfulness of (2.1.2) follows from Lemma
2.1.28.
2.1.4 Etale and local fundamental gerbes
In this subsection, we introduce two variants of the Nori fundamental gerbe, namely, the etale and
local fundamental gerbes (cf. [13, x8] [71, x4 Denition 4.1]). Let k be a eld.
Denition 2.1.29. (cf. [71, x3 Denition 3.1]) A nite stack   over k is said to be etale if it admits
a nite etale surjective morphism U  !   from a nite etale k-scheme U .
If k is of characteristic 0, then any nite gerbe is etale. Hence, suppose that k is of positive
characteristic p > 0. To dene a well-dened notion of nite local stack, we need more preliminaries.
For each k-algebra A, we denote by Aet as the union of k-subalgebras of A which are nite etale over
k (cf. [71, x2 Denition 2.1]). Note that Aet depends on the base eld k. If A  B is a surjective
k-algebra homomorphism with nilpotent kernel, then the induced homomorphism Aet ! Bet is an
isomorphism (cf. [71, x2 Remark 2.2]). Moreover, for the ith relative Frobenius homomorphism
A(i) = A
k k  ! A ; a
  7! api;
the induced morphism (A(i))et ! Aet is an isomorphism (cf. [71, x2 Remark 2.3]). If A is a
nite k-algebra, then there exists an integer n  0 such that the image of the relative Frobenius
homomorphism A(n) ! A is an etale k-algebra and the residue elds of A(n) are separable over
k (cf. [71, Lemma 2.4]). In particular, the surjective homomorphism A(n)  (A(n))red induces an
isomorphism (A(n))et
' ! (A(n))red.
For each ane scheme U = SpecA over k, we dene Uet
def
= SpecAet. Note that the canonical
morphism U ! Uet is faithfully at. Let R  U is a at groupoid where R and U nite over k.
Then the induced morphisms Ret  Uet dene a groupoid. Moreover, if the residue elds of R and
U are separable over k, then the induced morphisms Rred  Ured also dene a groupoid which is
canonically isomorphic to the rst one Ret  Uet (cf. [71, x3 Lemma 3.4]).
Denition 2.1.30. (cf. [71, x3 Denition 3.5]) Let   be a nite stack over a eld k and let U  !  
be a nite atlas from an ane k-scheme U with R = U   U . We dene an etale quotient  et as
the stack associated with the groupoid Ret  Uet.
48
Lemma 2.1.31. (cf. [71, x3 Lemma 3.6]) With the same notation as in Denition 2.1.30, for any
nite etale stack over k, the induced morphism
Homk( 
et; E)  ! Homk( ; E)
is an equivalence. Moreover, for any i  0, the morphism  et  ! ( (i))et is an equivalence and for
any suciently large i 0, the functor  (i)  ! ( (i))et has a section, whence the relative Frobenius
morphism    !  (i) factors through  et.
In particular, the etale quotient  et for a nite stack   is independent of the choice of atlas
U  !   and is unique up to unique isomorphism.
Denition 2.1.32. (cf. [71, x3 Denition 3.9]) A nite stack   over k is said to be local if  et =
Spec k. Moreover, we dene a pro-etale gerbe and pro-local gerbe in the same manner as Denition
2.1.17.
Denition 2.1.33. Let X be a bered category in groupoids over k. An etale fundamental gerbe
(respectively local fundamental gerbe) for X is a pro-etale gerbe (respectively a pro-local gerbe) over
k together with a cartesian morphism X  !  such that for any nite etale stack (respectively
nite local stack)   over k, the induced functor
Homk(; )  ! Homk(X ; )
is an equivalence of categories. If such a one  exists, it is unique up to unique isomorphism and we
denote by etX=k (respectively 
loc
X=k) the etale fundamental gerbe (respectively the local fundamental
gerbe) for X .
Proposition 2.1.34. Let X be an algebraic stack of nite type over k. Then we have the following.
(1) The etale fundamental gerbe etX=k exists if and only if X is geometrically connected, or
eauivalently, H0(OX )et = k.
(2) Suppose that X is reduced. Then the local fundamental gerbe locX=k exists if and only if
H0(OX ) does not contain nontrivial purely inseparable extensions of k.
(3) If X is inexible, then the etale fundamental gerbe etX=k and the local fundamental gerbe
locX=k exist.
Proof. (1) See [71, x2 Lemma 2.7; x4 Proposition 4.3].
(2) See [71, x7 Theorem 7.1].
(3) See [71, x4 Remark 4.2].
2.2 Tannakian interpretations
2.2.1 Tannakian reconstruction and recognition
Denition 2.2.1. (cf. [71, Denition]) A pseudo-abelian category is an additive category C together
with a family JC of sequences of the form c0  ! c  ! c00 in C. A Z-linear functor  : C  ! D is
said to be exact if it maps any sequence of JC to a sequence isomorphic to a one of JD.
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Let R is a ring. If X be a category over (A=R), then we consider the category Vect(X ) of vector
bundles on X as a pseudo-abelian category with the family JVect(X ) of pointwise exact sequences
F 0  ! F  ! F 00
i.e. for any ane R-scheme T and any object  2 X (T ), the sequence
F 0()  ! F()  ! F 00()
of vector bundles on T is exact. If C and D are R-linear, monoidal and pseudo-abelian categories,
we denote by HomR;
(C;D) the category whose objects are R-linear exact monoidal functors and
whose morphisms are natural monoidal isomorphisms. If f : X  ! Y is a base preserving functor
of categories X and Y over (A=R), f 2 HomR;
(Vect(Y);Vect(X )).
Let C be a pseudo-abelian monoidal R-linear category. We dene an fpqc stack C in groupoids
over R by attaching to each ane R-scheme T the category
C(T )
def
= HomR;
(C;Vect(T )):
Note that there exists a natural monoidal R-linear functor over (A=R)
 : C  ! Vect(C) ; c 7!
 
C(T ) 3  7! (c) 2 Vect(T )

: (2.2.1)
Denition 2.2.2. (cf. [71, x1]) A pseudo-abelian monoidal R-linear category C over (A=R) is said
that it satises tannakian recognition if the functor (2.2.1) is an equivalence and for any sequence
 : c0  ! c  ! c00, () is pointwise exact if and only if  2 JC .
Let X be a category over (A=R). Then there exists a base preserving functor
X  ! Vect(X ): (2.2.2)
Denition 2.2.3. (cf. [71, x1]) A bered category X in groupoids over (A=R) is said that it
satises tannakian reconstruction if the functor (2.2.2) is an equivalence.
Remark 2.2.4. (cf. [71, x1 Remark 1.2]) If C satises tannakian recognition, then C satises a
tannakian reconstruction. If X satises tannakian reconstruction then Vect(X ) satises tannakian
recognition.
Then a classical tannaka duality (cf. [19, Theoreme 1.12]) can be restated in the following way.
Theorem 2.2.5. (cf. [71, x1 Example 1.5]) Let k be a eld. If T is a k-tannakian category, then it
satises tannakian recognition and T is a tannakian gerbe over k. Conversely, if  is a tannakian
gerbe over k, then it satises tannakian reconstruction and Vect() is a k-tannakian category.
The next result ensures that nite stacks enjoy a part of such a duality.
Theorem 2.2.6. (Tonini{Zhang, cf. [71, x1 Corollary 1.7]) A nite stack   over a eld k satises
tannakian reconstruction.
2.2.2 Tannakian interpretation in the pseudo-proper case: Essentially nite
bundles
In this subsection, we recall a tannakian interpretation of the Nori fundamental gerbe under a
properness assumption, which was originally given by Nori [43]. We shall follow a simplied argu-
ment due to Borne{Vistoli [13, x7].
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Denition 2.2.7. (cf. [13, x7 Denition 7.1]) A bered category X over k is said to be pseudo-proper
if it satises the following conditions.
(i) There exists a quasi-compact scheme U and a morphism U  ! X which is representable,
faithfully at, quasi-compact and quasi-separated.
(ii) For any locally free sheaf E of OX -modules on X , the k-vector space H0(X ; E) is nite-
dimensional.
Example 2.2.8. (cf. [13, x7 Examples 7.2])
(1) A nite stack   over k (cf. Denition 2.1.11) is pseudo-proper.
(2) A tannakian gerbe  over k (cf. Denition 2.1.4) is pseudo-proper.
Now let X be a pseudo-proper bered category in groupoids over a eld k. Then, the category
Vect(X ) of vector bundles on X is a k-linear rigid tensor category with nite-dimensional Hom
vector spaces, in which the idempotents split, and the Krull{Schmidt theorem holds in Vect(X ).
Namely, every object E of Vect(X ) can be described as a direct product of indecomposable objects
Ei (1  i  n), E ' ni=1Ei, and moreover such a description of E is unique up to isomorphism.
Denition 2.2.9. (cf. [13, x7 Denition 7.5]) A vector bundle E 2 Vect(X ) is said to be nite if
there exist f and g in N[t] with f 6= g such that f(E) ' g(E), or equivalently, the set of isomorphism
classes of indecomposable components of all the powers of E is nite.
In particular, if E is a nite bundle over X , then all the indecomposable components are also
nite. Moreover, if E and E0 are nite bundles on X , then the direct sum EE0, the tensor product
E 
OX E0 and the dual E_ are also nite (cf. [13, x7 Proposition 7.6]).
Denition 2.2.10. (cf. [13, x7 Denition 7.7]) A vector bundle E over a pseudo-proper bered
category in groupoids over k is said to be essentially nite if it is the kernel of a homomorphism
between two nite bundles. We denote by EFin(X ) the category of essentially nite bundles over
X .
Example 2.2.11. (cf. [13, x7 Proposition 7.8]) Let  be a pronite gerbe over a eld k. Then all
the vector bundles on  are essentially nite, whence
Vect() = EFin():
Indeed, if we write  = lim  i2I  i with  i nite, then Vect() = lim !i2I Vect( i). Therefore, it suces
to prove the claim in the case where  =   is nite. Since   is a nite gerbe over k, there exists a
faithfully at representable morphism  : T
def
= SpecK  !   from the spectrum of a eld K which
is nite over k. First note that the vector bundle OT is nite on   because
OT 
 OT ' (OT 
 OT ) ' (OdT );
for some d > 0. Now x an arbitrary vector bundle E 2 Vect( ). Let E has rank r > 0. Since T
is the spectrum of a eld, we have E ' OrT , whence E ,! E ' OrT . Again by using the
fact that T is the spectrum of a eld together with at descent, we can easily see that the cokernel
of this inclusion is also a vector bundle over   and can be embedded into OmT for some m > 0.
As OT is a nite bundle over  , we can conclude that E is essentially nite.
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Theorem 2.2.12. (Nori, Borne{Vistoli, cf. [43] [13, x7 Theorem 7.9]) Let X be an inexible and
pseudo-proper bered category over a eld k and X  ! NX=k the Nori fundamental gerbe for X=k.
Then the pullback functor
Vect(NX=k)  ! Vect(X )
is fully faithful and gives an equivalence of tensor categories between Vect(NX=k) and EFin(X ). In
particular, the category EFin(X ) of essentially nite bundles over X is a tannakian category over
k.
Corollary 2.2.13. (cf. [13, x7 Corollary 7.10]) Let  is a tannakian gerbe over a eld k. Then, the
full subcategory EFin() consisting of essentially nite bundles is a tannakian category over k.
Proof of Theorem 2.2.12. Let u denote the morphism X  ! NX=k. First we shall discuss on the
full faithfulness of the pullback functor u. Recall that NX=k = lim   i, where I is a skeleton of the
category of Nori-reduced morphisms ui : X  !  i, it suces to show that the pullback functor
ui : Vect( i)  ! Vect(X ) is fully faithful for any  i. Indeed, according to [13, x7 Lemma 7.11], we
have uiOX = O i . Therefore, by the projection formula, the functor ui : Vect( i)  ! Vect(X ) is
fully faithful. Hence, the functor u : Vect(NX=k)  ! Vect(X ) is fully faithful. As we have already
seen in Example 2.2.11, we have Vect(NX=k) = EFin(
N
X=k). Therefore, the functor u
 factors
through EFin(X ).
Next, let us discuss on the essential surjectiveness of the resulting functor
u : Vect(NX=k)  ! EFin(X ):
Let E 2 EFin(X ) be an arbitrary object. We have to prove that E ' u(V ) for some V 2
Vect(NX=k). Since u
 is exact, fully faithful and the category Vect(NX=k) is abelian, we may assume
that E is nite. Then there exist distinct polynomials f 6= g 2 N[t] together with an isomorphism
 : f(E) ' g(E). Let r denote the rank of E. Put V = kr. Let us consider the Isom scheme
I = Isomk(f(V ); g(V )), which is non-canonically isomorphic to GLN with N = f(r) = g(r). Then
GLr = Autk(V ) acts naturally on I. Then  denes a lifting X  ! [I=GLr] of the morphism
X  ! BGLr corresponding to the vector bundle E.
[I=GLr]

X
E
//

;;wwwwwwwww BGLr:
To prove that E comes from an object of Vect(NX=k), we have to show that the morphism X  !
BGLr factors through a nite gerbe. For this, it suces to show that the scheme-theoretic image
of X in [I=GLr] is a nite stack.
Now we claim that the action of GLr on I has nite stabilizers. First, we suppose the claim and
complete the proof of the theorem. The niteness of the stabilizers implies that all the geometric
orbits of GLr on I are closed. Since I is ane and GLr is geometrically reductive, there exists
an ane geometric quotient I  ! I=GLr = Spec(OIGLr) whose geometric bers are the geometric
orbits of the action of GLr on I. Now since X is inexible and pseudo-proper, we haveH0(X ;O) = k.
Indeed, since X is pseudo-proper, H0(X ;OX ) is a nite k-algebra. Hence, SpecH0(X ;O) is a nite
stack which is scheme over k and the morphism X  ! SpecH0(X ;O) must factor through a closed
subgerbe    SpecH0(X ;O). However, since   is a k-scheme, the gerbe    ! Spec k must be
trivial, i.e.   = Spec k, which implies that H0(X ;O) = k. Since I=GLr is ane, the composition
X   ! [I=GLr]  ! I=GLr must factor through SpecH0(X ;O) = Spec k. If we denote by 
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ber of the morphism I  ! I=GLr along the k-rational point Spec k  ! I=GLr, the niteness of
the stabilizers of the action of GLr on I implies that the algebraic stack [
=GLr] is quasi-nite over
k, i.e. [
=GLr](k) is nite. Thus, by Proposition 2.1.13, we can nd that [
=GLr] is a nite stack
over k. The commutativity of the diagram
X  //

[I=GLr]

Spec k // I=GLr
implies that the morphism  factors through the nite stack [
=GLr], which is closed in [I=GLr].
This completes the proof.
Finally, we shall prove the claim. We may assume that k is algebraically closed. Let  : f(V ) '
g(V ) be an isomorphism and G its stabilizer. The inclusion G ,! GLr is a faithful representation 
of G on V and  is then an isomorphism in Rep(G),
f() ' g():
If G has positive dimension, then it contains Ga or Gm as an algebraic closed subgroup. First
suppose that G contains Gm. Then, we get a faithful representation jGm of Gm on V together with
an isomorphism f(jGm) ' g(jGm) in Rep(Gm). However, since the ring of isomorphism classes of
representations of Gm is isomorphic to Z[t1], the nontrivial representation jGm corresponds to a
non-constant Laurent polynomial, whence f(jGm) 6' g(jGm). This is a contradiction. Therefore,
G does not contain Gm. Finally, let us prove that G does not contain Ga. Since Vect(X ) satises
the Krull{Schmidt theorem, we can assume that deg f 6= deg g. For any representation (V; ) of Ga,
dene the invariant (V; ) as follows. Fix a basis fvigi2I of V . Each (vi) can be uniquely written
as
(vi) =
X
j2I
vj 
 fji(t);
where fji(t) 2 k[t] with t the coordinate of Ga, and dene ((V; )) def= maxfdeg fji(t) j i; j 2 Ig,
which is independent of the choice of a basis of V . Moreover, ((V; )) = 0 if and only if (V; )
is trivial, and if (Vi; i) (i = 1; 2) are two representations of Ga, then ((V1; 1)  (V2; 2)) =
maxf((Vi; i)) j i = 1; 2g and ((V1; 1) 
 (V2; 2)) = ((V1; 1)) + ((V2; 2)). This implies that
if (V; ) is a non-trivial representation of Ga, then we have (f((V; ))) 6= (g(V; )), whence
f((V; )) 6' g(((V; ))). Therefore, G cannot contain Ga. This completes the proof.
Finally, we introduce the following notation.
Denition 2.2.14. Let k be a eld and T a tannakian category over k. We dene the full tannakian
subcategory EFin(T ) of T to be the essential image of the fully faithful functor EFin(T ) ,!
Vect(T )
'    T (cf. Theorem 2.2.5 and Corollary 2.2.13). We denote by bT the tannakian gerbe
EFin(T ) associated with the tannakian category EFin(T ) over k. By denition, bT is a pronite
gerbe over k.
2.2.3 Tannakian interpretations in general case: Formalism
Let k be a eld and consider two categories X and XT over (A=k) together with a base preserving
functor T : X  ! XT . Dene T (X ) def= Vect(XT ), which is a pseudo-abelian rigid monoidal
k-linear category and which admits a k-linear monoidal exact functor T : T (X )  ! Vect(X ).
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Axiom 2.2.15. (cf. [71, x5 Axioms 5.2]) Let L def= EndT (X )(1T (X )) and consider the following
conditions.
A. T (X ) = QCohfp(XT ).
B. The functor T : T (X )  ! Vect(X ) is faithful.
C. For all nite etale stacks   over L, the following functor is an equivalence of categories,
HomL(XT ; )  ! HomL(X ; ):
D. All L-maps XT  !   to a nite gerbe over L factors through a nite etale gerbe over L.
The following provides us a formalism to get a tannakian interpretation of the etale fundamental
gerbe.
Theorem 2.2.16. (Tonini{Zhang, cf. [71, x5 Theorem 5.8])
(1) Suppose that Axiom 2.2.15(A) is satised and L is a eld. Then T (X ) is an L-tannakian
category and for any tannakian gerbe   over L, the functor
HomL(T (X ); )  ! HomL(XT ; )
is an equivalence of categories.
(2) Suppose that Axioms 2.2.15(A), (C) are satised and that L is a eld. Then the morphism
X  ! etT (X )
def
= (T (X ))et gives the etale fundamental gerbe for X over L.
(3) Suppose that Axioms 2.2.15(A), (C) and (D) are satised and that L is a eld. Then T (X )=L
is a pro-smooth banded gerbe and we have an equivalence of L-tannakian categories,
Vect(etX=L) ' EFin(T (X )):
To prove the theorem, we need several lemmas.
Lemma 2.2.17. (cf. [71, x5 Lemma 5.4]) Suppose that Axiom 2.2.15(A) is satised. Then T (X )
is a k-linear abelian rigid monoidal category and the exact sequences are pointwise exact.
Proof. Let  : F  ! G be a morphism in T (X ). For each object  : T  ! XT , the cokernel of ()
exists in QCohfp(T ), whence Coker() :  7! Coker(()) denes an object of QCohfp(X ) = T (X ) by
Axiom 2.2.15(A). Therefore, for any object  : T  ! XT , F() ()    ! G()  ! Coker(())  ! 0 is
an exact sequence of locally free sheaves over a scheme T and so the kernel Ker(()) also becomes
locally free, which implies that Ker() :  7! Ker(()) belongs to T (X ). This completes the
proof.
Lemma 2.2.18. (cf. [71, x5 Proposition 5.7]) Suppose that Axiom 2.2.15(A) is satised and put
L = EndT (X )(1T (X )). Then we have the following.
(1) If X is connected and Axiom 2.2.15(B) is satised, then L is a eld.
(2) If L is a eld, then Axiom 2.2.15(B) is satised and T (X ) is an L-tannakian category.
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Proof. (1) See the rst paragraph of [71, Proof of Lemma 5.6].
(2) By Lemma 2.2.17, T (X ) is an L-linear abelian rigid monoidal category. Therefore, it suces
to show that T (X ) admits a ber functor. Since there exists a ring homomorphism L  ! H0(OX ) =
EndVect(X )(OX ) with L a eld, X is nonempty. Thus, there exists an object  : SpecA  ! X for
some k-algebra A, whence a k-linear exact monoidal functor
T (X ) 

T   ! Vect(X ) 

  ! Vect(A)  QCoh(A);
which is faithful (cf. [18, Proposition 1.19]), whence a ber functor of T (X ). Therefore, T (X ) is an
L-tannakian category and the functor T : T (X )  ! Vect(X ) is faithful as well.
Proof of Theorem 2.2.16. (1) By Lemma 2.2.18(2), T (X ) is an L-tannakian category. Therefore,
T (X ) satises tannakian recognition and T (X ) is a tannakian gerbe over L which satises tannakian
reconstruction, whence the claim.
(2) By Theorem 2.2.6, nite stacks satisfy tannakian reconstruction. Therefore, for any nite
etale stack   over L, the map X  ! XT  ! T (X )  ! etT (X ) induces an equivalence of categories
HomL(
et
T (X ); )
'  ! HomL(T (X ); ) '  ! HomL(XT ; ) '  ! HomL(X ; );
where, for the last equivalence, we need Axiom 2.2.15(C), which implies that the morphism X  !
etT (X ) is the etale fundamental gerbe for X=L (cf. Denition 2.1.33). This completes the proof.
(3) By Lemma 2.2.18(2), T (X ) is a tannakian gerbe over L and so it is inexible (cf. Proposition
2.1.21(1)). Therefore, Axiom 2.2.15(D) implies that for any morphism T (X )  !   into a nite
stack factors through a nite etale gerbe. This completes the proof.
From now on, we shall assume that k is a eld of positive characteristic p > 0. If X be a category
over (A=k), then the Frobenius pullback
F  : Vect(X )  ! Vect(X )
is dened by applying the absolute Frobenius pointwise. The functor F  is Fp-linear exact monoidal
functor.
Denition 2.2.19. (cf. [71, x5 Denition 5.11]) For each integer i  0, we dene the category
Ti(X ) to be the category of tuples (F ;G; ) where
 F 2 Vect(X ),
 G 2 T (X ), and
  : F iF '  ! GjX def= T G is an isomorphism.
A morphism (F ;G; )  ! (F 0;G0; 0) is a pair of morphisms F  ! F 0 and G  ! G0 which are
compatible with the isomorphisms  and 0. The category Ti(X ) is Fp-linear monoidal and rigid
with the unit object 1Ti(X ) = (OX ;OXT ; id). We endow Ti(X ) with a k-structure via
k  ! EndTi(X )(1Ti(X )) ; a 7! (a; ap
i
):
We consider Ti(X ) as a pseudo-abelian category together the distinguished set JTi(X ) of sequences
which are pointwise exact. The forgetful functor Ti(X )  ! Vect(X ) is k-linear monoidal and exact.
There exists a k-linear monoidal and exact functor
Ti(X )  ! Ti+1(X ) ; (F ;G; ) 7! (F ; F G; F ): (2.2.3)
We dene T1(X ) as the direct limit of the categories Ti(X ). The category T1(X ) is a k-linear
monoidal rigid category.
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Remark 2.2.20. (cf. [71, Remark 5.12])
(1) Let   be a bered category in groupoids over Fp. We dene the category Hom(X ;XT ; i; ) to
be the one of Fp-linear 2-commutative diagrams
X T //
f

XT
g

 
F i 
//  :
To such a diagram, one can attach a functor
Vect( )  ! Ti(X ) ; F 7! (fF ; gF ; F ifF = fF i  F ' ! g(F)jX ):
Hence, we get a natural functor
 i : Hom(X ;XT ; i; )  ! Hom
;Fp(Vect( ); Ti(X )):
(2) From the denition of Ti(X ), in particular, the identity idTi(X ) : Ti(X )  ! Ti(X ) corresponds
to two functors F : Ti(X )  ! Vect(X ) and G : Ti(X )  ! T (X ) such that the diagram
Ti(X ) F //
G

Vect(X )
F i

T (X )
T
// Vect(X )
(2.2.4)
commutes. On the other hand, from the denition, there exist morphisms
f : X  ! Ti(X ) and g : XT  ! Ti(X )
such that the compositions
Ti(X )  ! Vect(Ti(X ))
f   ! Vect(X ) and Ti(X )  ! Vect(Ti(X ))
g  ! T (X )
coincide with F and G respectively. Moreover, the commutativity of the diagram (2.2.4)
implies that the pair (f; g) denes a 2-commutative diagram  in Hom(X ;XT ; i;Ti(X )). Now
we dene
Ji
def
= 
Ti(X )
i () : Vect(Ti(X ))  ! Ti(X ):
By construction, the composition Ti(X )  ! Vect(Ti(X ))
Ji  ! Ti(X ) is the identity. Further-
more, for any bered category   in groupoids over Fp, by composing with , we obtain a
functor
HomFp(Ti(X ); )  ! Hom(X ;XT ; i; );
which is an equivalence if   satises tannakian reconstruction and Ti(X ) satises tannakian
recognition.
Lemma 2.2.21. (cf. [71, x5 Lemma 5.13]) With the same notation as in Remark 2.2.20, there exists
a 2-commutative diagram
Vect(Ti(X ))
Ji //
F 

Ti(X )
FT

Vect(Ti(X )) Ji
// Ti(X );
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where FT (F ;G; ) = (F XF ; F XT G; F X). Moreover, F iT factors as Ti(X )  ! T (X )  ! Ti(X ),
where Ti(X )  ! T (X ) is the projection (F ;G; ) 7! G and T (X )  ! Ti(X ) is the transition map
(2.2.3).
Proof. The commutativity of the diagram follows from the denition of Ji and the naturality of
Frobenius pullbacks. The last assertion follows from the isomorphism
(F iX F ; F iXT G; F iX )
(;id)    !' (GjX ; F
i
XT G; id):
The following provides us a formalism to get a tannakian interpretation of the Nori fundamental
gerbe.
Theorem 2.2.22. (Tonini{Zhang, cf. [71, x5 Theorem 5.14]) Suppose that Axiom 2.2.15(A) is
satised for T : X  ! XT , that L = L0 = EndT (X )(1T (X )) is a eld and the following condition
holds for X .
For any F 2 QCohfp(X ), if F F 2 Vect(X ), then F 2 Vect(X ): (2.2.5)
Then we have the following.
(1) For any i 2 N [ f1g, the ring Li def= EndTi(X )(1Ti(X )) is a eld, Ti(X ) is an Li-tannakian
category and Ti(X ) is a tannakian gerbe over Li, and the functor Ti(X )  ! Vect(X ) is
faithful monoidal and exact.
(2) The functors Ti(X )  ! Ti+1(X ) and Ti(X )  ! T1(X ) are faithful monoidal, exact and
compatible with the forgetful functors Ti(X )  ! Vect(X ). The functor T1(X )  ! Vect(X )
induces a morphism X  ! T1(X ), whence X is a category over L1. Moreover,
L1 = fx 2 H0(OX ) j xpi 2 L0 for some i  0g
is purely inseparable over L0.
(3) For any i 2 N [ f1g, we have
EFin(Ti(X )) = f(F ;G; ) j G 2 EFin(T (X ))g
in Ti(X ), and EFin(T1(X )) ' lim !i EFin(Ti(X )). Moreover, the morphism X  ! 
loc
T1(X )
def
=
(T1(X ))
loc is the local fundamental gerbe for X over L1.
(4) Suppose also that Axiom 2.2.15(C) holds. Then X  ! bT1(X ) is the Nori fundamental gerbe
for X over L1 and we have an equivalence of L1-tannakian categories,
Vect(NX=L1) ' EFin(T1(X )):
Sketch of the proof. (1), (2) Note that, by virtue of Lemma 2.2.18(2), T0(X ) = T (X ) is a tannakian
category over L0 = L and the functor T0(X )  ! Vect(X ) is faithful. Then, by the assumption
(2.2.5), one can verify that the categories Ti(X ); i 2 N [ f1g are abelian rigid monoidal cate-
gories and exact sequences are pointwise exact and the functors Ti(X )  ! Vect(X ) is faithful. In
particular, for any i 2 N, the functor Ti(X )  ! Vect(X ) induces an isomorphism
Li = f(x; y) jx 2 H0(OX ); y 2 L0; xpi = yg '  ! fx 2 H0(OX ) jxpi 2 L0g  H0(OX ):
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From the assumption (2.2.5), H0(OX ) is reduced. Therefore, the above description implies that Li
is a eld which is purely inseparable over L0. Then the same proof of Lemma 2.2.18(2) implies that
Ti(X ) is a tannakian category over Li. Moreover, since L1 is the union of the Li, it is a eld and
this proves that T1(X ) is tannakian over L1 and that (2) holds.
(3) The inclusion  is obvious. Let us prove that the converse direction. Let V = (F ;G; ) 2
Ti(X ) be an object with G 2 EFin(T (X )) and   be the monodromy gerbe of V , which is a tannakian
gerbe of nite type over Li such that Rep( ) = hV i
  Ti(X ). By applying lemma 2.2.21, we get a
2-commutative diagram
Vect( ) 
 //
F i

Ti(X )
F iT

Vect( ) 
 // Ti(X )
and F iT (V ) 2 T (X ) is essentially nite because G is essentially nite. This implies that the relative
Frobenius morphism F (i) :  !  (i) factors through a nite gerbe over Li. Therefore,   itself must
be nite. This completes the proof.
(4) See [71, x5 Theorem 5.14].
Example 2.2.23. (cf. [71, x5 Remark 5.15]) If X is a reduced bered category in groupoids over a
eld k. Then the condition (2.2.5) is fullled.
2.2.4 Example: Frobenius divided sheaves
Let k be a perfect eld of characteristic p > 0.
Denition 2.2.24. (cf. [71, x6 Denition 6.20]) Let X be a bered category in groupoids over k.
We dene the bered category X (1) in groupoids over k together with a morphism X  ! X (1) as
follows. Consider the sequence of the relative Frobenius morphisms
X  ! X (1)  ! X (2)  !     ! X (i)  !   
and dene X (1) to be the limit
X (1) def= lim !
i2N
X (i)
and the morphism X  ! X (1) to be the natural morphism. We dene the category Fdiv(X ) of
Frobenius divided sheaves on X , or shortly F -divided sheaves on X , by
Fdiv(X ) def= Vect(X (1)):
We apply the formalism discussed in the previous section to the morphism of bered categories
 = Fdiv : X  ! XFdiv = X (1):
Theorem 2.2.25. (Tonini{Zhang, cf. [71, x6 Theorem 6.23]) Let X be a bered category in
groupoids over k. Then we have the following.
(1) If X be connected, then Axiom 2.2.15(A) implies Axioms 2.2.15(B), (C) and (D) for X  !
X (1) and that Fdiv(X ) is a pro-smooth banded gerbe.
(2) If X admits an fpqc covering U  ! X from a scheme U such that all its nonempty closed
subsets contains an adically separated point q with k(q)=k separable up to a nite extension,
then Axiom 2.2.15(A) and (B) hold for  : X  ! X (1). If moreover X is connected and there
exists a map SpecL  ! X where L=k is a eld extension which is a separably generated up
to a nite extension, then H0(OX (1)) = H
0(OX )et.
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As a consequence, we get tannakian interpretations of the fundamental gerbes in positive char-
acteristic.
Corollary 2.2.26. (Gieseker, dos Santos, Esnault{Hogadi, Tonini{Zhnag, cf. [24] [20] [22] [71]) Let
X be a bered category in groupoids over a perfect eld k of characteristic p > 0. Then we have
the following.
(1) If X is inexible, geometrically connected and admits an fpqc covering U  ! X from a
scheme U such that all its nonempty closed subsets contains an adically separated point q
with k(q)=k separable up to a nite extension, then there exists a natural equivalence of
k-tannakian categories,
Vect(etX=k) ' EFin(Fdiv(X )):
(2) If moreover X satises the condition (2.2.5), then there exists a natural equivalence of k-
tannakian categories, which extends a one given in (1),
Vect(NX=k) ' EFin(Fdiv1(X )):
2.3 Towers of torsors and their Galois envelopes
If the base eld k is of positive characteristic p > 0, any nite k-group scheme G can be written as
an extension
1  ! G0  ! G  ! Get  ! 1
of a nite etale group scheme Get by a nite local k-group scheme G0. Therefore, some of problems
about G-torsors can be reduced to the etale case G = Get and the local case G = G0 respectively.
Therefore, it is important to understand how the Nori fundamental gerbe or fundamental group
scheme behaves under a nite torsor. The rst achievement about this problem was done by
Esnault{Hai{Sun.
Theorem 2.3.1. (cf. [21, Theorem 2.9]) Let X be a pseudo-proper inexible algebraic stack of nite
type over a eld k. Suppose that X admits a k-rational point x 2 X (k). Consider the pro-system
Iet of pointed Nori-reduced etale torsors (Y; G; y)  ! (X ; x). Then, for any object (Y; G; y) in Iet,
there exists a natural exact sequence of ane k-group schemes
1  ! N(Y; y)  ! N(X ; x)  ! G  ! 1:
More recently, in [8], it is shown that this result holds for an arbitrary (not necessarily etale)
nite torsor.
Theorem 2.3.2. (cf. [8, Theorem I(3)]) Let X be a pseudo-proper inexible algebraic stack of
nite type over a eld k. Let Y  ! X be a Nori-reduced nite G-torsor where G is a nite k-group
scheme. Then the following diagrams are 2-Cartesian.
Y //

NY=k //

Spec k

X // NX=k // BG:
This result is one of machineries for establishing \Galois theory" for a largeer class of nite
coverings of X , which they call `essentially nite covers' in [8]. For example, a tower of nite
torsors (see Denition 2.3.3 below) gives an essentially nite covering (cf. [8, Theorem III]).
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Denition 2.3.3. (cf. [8, Denition 3.1]) Let G and H be nite group schemes over a eld k and
X an algebraic stack of nite type over k. Then a (G;H)-tower of torsors over X is a sequence of
morphisms of algebraic stacks
Z h  ! Y g  ! X
where g is a G-torsor and h is an H-torsor. We say that a (G;H)-tower of torsors is trivial if it is
a sequence of trivial torsors.
Following [8, x3], we denote by B(G;H) the stack over k whose section over a k-scheme U is the
groupoid of (G;H)-towers of torsors over U . According to [8, Proposition 3.3], the stack B(G;H) is
algebraic, locally of nite type over k and has ane diagonal. Moreover, in the case where G or H
is etale, the algebraic stack B(G;H) becomes a nite neutral gerbe over k (cf. [8, Proposition 3.7]).
Namely, there exists a nite k-group scheme   such that B  is isomorphic to B(G;H).
Let us describe the group scheme   under the assumption that G is etale. Let
0 : GH  ! G  ! Spec k
denote a trivial (G;H)-tower of torsors over Spec k. Denote by   the automorphism group scheme
AutB(G;H)(0) over k. Then there exists a canonical fully faithful functor B   ! B(G;H) whose
essential image is the substack of (G;H)-towers of torsors fppf locally isomorphic to 0. However,
under the assumption that G is etale, one can see that any (G;H)-tower of torsors Z  ! Y  ! X
over an algebraic stack of nite type over k is fppf locally isomorphic to 0 (cf. [8, Proof of Proposition
3.7]), whence an equivalence of categories
B  '  ! B(G;H): (2.3.1)
On the other hand, the forgetful functor B(G;H)  ! BG induces a k-homomorphism
 :   = AutB(G;H)(0)  ! AutBG(G) = G;
which is surjective because it admits a splitting
G  !  ; g 7! (tg; tg  idH);
where tg stands for the multiplication by g. Furthermore, as described in [8, Lemma 3.6], the kernel
of  can be written as the Weil restriction of the group scheme GH over G along to the structure
morphism G  ! Spec k,
Ker() = ResG=k(GH):
The evaluation at the unit 1 2 G gives a homomorphism
 : ResG=k(GH)  ! H;
which is surjective because it admits a splitting given by
H(T )  ! H(G T ) = ResG=k(GH)(T ); T : k-scheme;
whence
Ker() = H nKer(): (2.3.2)
In particular, if G is constant, Ker() is isomorphic to the product
Q
g2GH of copies of H, whence
  = Gn
Y
g2G
H; (2.3.3)
and  is the projection and the splitting of  is the diagonal homomorphism. Since we have
assumed that G is etale, after a nite separable extension of k, G becomes constant. Therefore, the
description (2.3.3) implies that   is a nite k-group scheme.
Now we have reached the notion of Galois envelope (cf. [8, Denition 3.8]).
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Denition 2.3.4. With the same notation as above, suppose that G is etale. Then, the Galois
envelope for a (G;H)-tower  : Z  ! Y  ! X of torsors over X is a  -torsor P  ! X which
corresponds to the composition
X   ! B(G;H) '    B :
From the construction, the Galois envelope P  ! X recovers the given tower  in the following
way. Namely, the (G;H)-tower of torsors
P=Ker()  ! P=Ker()  ! X
is isomorphic to  : Z  ! Y  ! X .
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Chapter 3
Linearly reductive torsors and the
tame fundamental gerbes of curves in
positive characteristic
3.1 Tame stacks in positive characteristic
3.1.1 Finite linearly reductive group schemes
In this subsection, we recall the denition of linearly reductive group schemes. First, a nite at
group scheme G over a scheme S is called diagonalizable if it is abelian and the Cartier dual GD
is constant. To a nite abelian group  , one can associate the diagonalizable group scheme, which
we denote by DiagS( ), over S (cf. [73, Section 2.2]). Note that the Cartier dual of DiagS( )
is canonically isomorphic to the constant group scheme associated with  . The formulation of
DiagS( ) is compatible with any base change, i.e. for any morphism S
0  ! S of schemes, there
exists a canonical isomorphism
DiagS0( )
'  ! DiagS( )S S0
(cf. [28, x1 1.1.2]).
Let S be the spectrum of a strictly henselian local ring or a separably closed eld. For an
ane at S-group scheme G, we will denote by X(G) the group of characters of G, namely X(G) def=
HomS-gr(G;Gm;S). If G is diagonalizable, then the character group X(G) recovers the original group
scheme G, i.e. there exists a canonical isomorphism
G
'  ! DiagS(X(G)):
In fact, the correspondence   7! DiagS( ) gives an anti-equivalence between the category of nite
abelian groups and the category of nite diagonalizable S-group schemes and a quasi-inverse functor
is given by G 7! X(G).
Let S be a scheme, X an S-scheme and G a diagonalizable S-group scheme. Then the rst fppf
cohomology H1fppf(X;G) is the set of isomorphism classes of G-torsors of X. This has a natural
structure of an abelian group because G is abelian. The relative one
H1fppf(X=S;G)
def
= H1fppf(X;G)=H
1
fppf(S;G) (3.1.1)
is then canonically isomorphic to the set of isomorphism classes of pointed G-torsors of X (cf. [7,
Section 3.1, Lemma 3.3]).
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A nite at group scheme G over a scheme S is said to be linearly reductive (cf. [3, x2]) if the
functor
QCoh(BSG)  ! QCoh(S); F 7! FG
is exact. If S = Spec k is the spectrum of a eld k, then the latter condition can be replaced by the
condition that the functor
Rep(G)  ! Veck; V 7! V G
is exact, or equivalently, Rep(G) is a semisimple category. In [3], a classication of nite at linearly
reductive group schemes (cf. [3, Theorem 2.16]) is given for a general base scheme S. Here, we recall
the classication theorem only in a special case.
Theorem 3.1.1. (cf. [3, Proposition 2.10 and Lemma 2.17]) If S is the spectrum of a strictly
henselian local ring or a separably closed eld, then a nite at group scheme G over S is linearly
reductive if and only if it admits an exact sequence
1  !   ! G  ! H  ! 1
such that H is constant and tame and  is a diagonalizable group scheme. Moreover, the extension
admits a splitting after an fppf cover of S. Here, a nite etale group scheme over a scheme S is said
to be tame if the degree is prime to all the residue characteristics.
In fact, if k is an algebraically closed eld of characteristic p > 0, then the connected-etale exact
sequence
1  ! G0  ! G  ! Get  ! 1
gives such a split exact sequence for a nite linearly reductive k-group scheme G, namely, Get has
prime to p order and G0 is diagonalizable. Recall that the splitting is given by the reduced subgroup
scheme Gred of G,
Gred
  //
'
99G
// Get:
3.1.2 Tame stacks
Let S be a scheme and X be an algebraic stack locally of nite presentation over S with nite
inertia IX=S . In this case, according to [34], there exists a coarse moduli space  : X  ! X, i.e. a
morphism into an algebraic space over S such that the induced map X ()  ! X() is bijective for
any geometric point  of S and is universal for this property. Moreover, the morphism  is proper
and the map OX  ! OX is an isomorphism (cf. [47, Theorem 11.1.2(ii)]).
Denition 3.1.2. Under the above situation, X is said to be tame if the functor  : QCoh(X )  !
QCoh(X) is exact.
Example 3.1.3. Let G be a nite at group scheme of nite presentation over S. Then the
structure morphism  : BSG  ! S is a coarse moduli of the classifying stack BSG and if we identify
QCoh(BSG) with the category of G-equivariant sheaves over S, the functor  : QCoh(BSG)  !
QCoh(S) is nothing but the one taking the G-invariant part, i.e. F = FG. Therefore, BSG is
tame if and only if G is a linearly reductive S-group scheme.
Theorem 3.1.4. (cf. [3, x3 Theorem 3.2]) With the same notation as in Denition 3.1.2, the
following are equivalent.
(a) X is tame.
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(b) For any algebraically closed eld k with a morphism Spec k  ! X and any object  2
X (Spec k), the group scheme Autk() of automorphisms is linearly reductive.
(c) There exists an fppf cover X 0  ! X, a linearly reductive group scheme G over X 0 acting on
a nite X 0-scheme U of nite presentation such that
X X X 0 ' [U=G]:
Corollary 3.1.5. (cf. [3, x3 Corollaries 3.3, 3.4 and 3.5]; [5, x7 Proposition 7.4]) Let X  ! S be
as above and  : X  ! X a coarse moduli space. Then we have the following.
(1) Suppose that X is tame. For any morphism of S-algebraic spaces X 0  ! X, the coase moduli
space of X X X 0 is the projection X X X 0  ! X 0.
(2) Suppose that X is tame. If X is at over S, then X is also at over S.
(3) If X is tame, then for any morphism of schemes S0  ! S, X S S0 is a tame stack over S0.
(4) The algebraic stack X over S is tame if and only if for any morphism Spec k ! S with k
algebraically closed, the ber X S Spec k is tame.
(5) The morphism  : X  ! X is a universal homeomorphism.
3.1.3 Root stacks
Let S = Spec k be the spectrum of a eld k and X be an algebraic stack over k. Recall that there
exists a natural equivalence of groupoids
Pic(X ) ' Homk(X ;BkGm);
where Pic(X ) is the groupoid of invertible sheaves over X . Under this equivalence, each invertible
sheaf L on X corresponds to a Gm-torsor P(L)  ! X dened by P(L) def= SpecX (
L1
i=0 L
i).
Moreover, under the above equivalence, each global section s 2 H0(X ;L) of an invertible sheaf L
corresponds to a Gm-equivalent function P(L)  ! A1k. This amounts to saying that there exists
a natural equivalence between the groupoid Homk(X ; [A1k=Gm]) and the groupoid of all the pairs
(L; s) of an invertible sheaf L on X together with a global section s 2 H0(X ;L), where the action
of Gm on A1k is dened by the natural multiplication. Since
[Ank=Gnm] = [A1k=Gm]k    k [A1k=Gm]
for each positive integer n > 0, the groupoid Homk(X ; [Ank=Gnm]) is equivalent to the groupoid of
families (L; s) = (Li; si)ni=1 of such pairs (Li; si).
Denition 3.1.6. Suppose given a morphism X  ! [Ank=Gnm], which corresponds to a family (L; s),
and an n-tuple r = (ri)
n
i=1 of positive integers ri > 0. We dene the algebraic stack
r
p
(L; s)=X as
the 2-ber product
r
p
(L; s)=X

//

[Ank=Gnm]
r

X // [Ank=Gnm];
where r is the r-th power map a = (ai)
n
i=1 7! ar = (arii )ni=1. We denote by r, or simply  if no
confusion occurs, the natural map r
p
(L; s)=X  ! X .
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From the denition, for any two n-tuples r and r0 with r j r0, which means ri j r0i for any i, there
exists a natural X -morphism
r0p(L; s)=X  ! rp(L; s)=X
which stems from the endomorphism r0=r of [Ank=Gnm], where r0=r = (r0i=ri)ni=1. In fact, if we put
Y = rp(L; s)=X , then we have r0=rp(L0; s0)=Y = r0p(L; s)=X , where (L0; s0) is the family of pairs
which denes the morphism Y  ! [Ank=Gnm].
Moreover, if f : Y  ! X is a morphism of algebraic stacks over k, then we have
Y X r
p
(L; s)=X = r
p
(fL; fs)=Y:
Example 3.1.7.
(1) Let X be a scheme over k. If all the si are nowhere vanishing sections, or equivalently, if the
associated Gm-equivalent morphisms P(Li)  ! A1k factor through Gm, then the morphism
X  ! [Ank=Gnm] factors through [Gnm=Gnm] = S, whence  : r
p
(L; s)=X
'  ! X.
(2) Let X = SpecA be an ane scheme. If Li = OX for any i, then we have
r
p
(L; s)=X ' [ SpecA[t]=(tr   s)=r]:
Proposition 3.1.8. With the above notation, put Y = rp(L; s)=X . Then we have the following.
(1) The diagonal  : Y  ! Y X Y is nite.
(2) The morphism  : Y  ! X is faithfully at and quasi-compact.
(3) If X = X is an algebraic space over k, then Y is a tame stack over k with  : Y  ! X the
coarse moduli space of Y.
Proof. (1), (2) It suces to show the claims for r : [Ank=Gnm]  ! [Ank=Gnm]. However, since the
diagram
Ank //

[Ank=Gnm]
r

Ank // [Ank=Gnm]
is commutative, where the two horizontal arrows are the universal Gnm-torsors and in particular fppf
covers and the left vertical arrow is the rth power map, it suces to show the claims for the rth
power map Ank  ! Ank , which are standards.
(3) Since the problem is Zariski local for X, we may assume that X = SpecA is an ance
scheme over k and the invertible sheaves Li are trivial. Then the claim follows from the description
given in Example 3.1.7(2).
Proposition 3.1.9. (cf. [68, Proposition 1.2.35]) With the same notation as in Proposition 3.1.8,
we have the following.
(1) OX
'  ! OY .
(2) For any quasi-coherent sheaves E on X and F on Y,
F 
 E '  ! (F 
 E):
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(3) For any quasi-coherent sheaf E on X ,
E '  ! E :
Therefore, the functor  : QCoh(X )  ! QCoh(Y) is fully faithful.
Proof. (3) follows from (1) and (2). Therefore, it suces to show (1) and (2). As explained in the
proof of [68, Proposition 1.2.35], by considering an fppf cover U  ! X from a k-scheme U , the
problems can be reduced to the case where X = X is a scheme, whence, by Proposition 3.1.8, Y is
a tame stack with  : Y  ! X the coarse moduli space. Then (1) is immediate from the denition
of coarse moduli spaces. Moreover, for the second claim (2), see [5, Proposition 4.5].
We will apply the above arguments to the following specic situation.
Denition 3.1.10. Let X be a locally Noetherian scheme over a eld k. LetD = (Di)
n
i=1 be a nite
family of reduced irreducible distinct eective Cartier divisors Di on X. We set D
def
=
Sn
i=1Di  X.
Furthermore, suppose given a family r = (ri)
n
i=1 of integers ri > 0. For each i, we denote by
sDi the canonical section of OX(Di), i.e. sDi : OX ,! OX(Di) is the natural inclusion. Let
OX(D) = (OX(Di))
n
i=1 and sD = (sDi)
n
i=1. For each r = (ri)
n
i=1 with ri > 0, we dene
Xr
def
= r
p
D=X
def
= r
p
(OX(D); sD)=X
and call it the root stack associated with X and the data (D; r).
Proposition 3.1.11. With the above notation, we have the following.
(1) For any open ane neighbourhood U = SpecA together with local equations si = 0 for Di on
U so that si : OX(Di)jU '  ! OU , we have an isomorphism
U X r
p
D=X ' [ SpecA[t]=(tr   s)=r]:
(2) For any closed point  = [x] 2 j rpD=Xj0 = jXj0, there exists a unique gerbe G  ! Spec k(x),
which we call the residual gerbe at , such that G is a Noetherian algebraic substack of
r
p
D=X and the image of jGj0  ! j r
p
D=Xj0 is . Moreover, for any  = [x] 2 j r
p
D=Xj0, the
residual gerbe G at  is neutral and non-canonically isomorphic to Bk(x)rx , where the index
rx = (rx;i)
n
i=1 is dened to be
rx;i =
(
1 if x 62 Di,
ri if x 2 Di:
(3.1.2)
Proof. (1) follows from the description given in Example 3.1.7(2) together with the fact that
(OU (Di); sDi)
si  !' (OU ; si)
for any i 2 I.
(2) The uniqueness of such a gerbe follows from [67, Lemma 06MT]. Let us prove the ex-
istence. The problem is Zariski local, by (1), we can replace r
p
D=X by the quotient stack
X def= [ SpecA[t]=(tr   s)=r]. For any x 2 SpecA, we have
X X x = [
 
Spec k(x)[t]=(tr   s(x))=r]
'
Y
si(x)=0
[(Spec k(x)[ti]=(t
ri
i ))=ri ];
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hence
(X X x)red =
Y
si(x)=0
[Spec k(x)=ri ] ' Bk(x)rx
gives a desired gerbe G above x.
The following is a variant of a theorem of Alper [5, x10 Theorem 10.3].
Proposition 3.1.12. With the same notation as in Denition 3.1.10, let r0 be another index with
r j r0. Then we have the following.
(1) For any closed point  of Xr
0
, the induced morphism  : G0  ! G between the residual
gerbes is a gerbe.
(2) Let E be a vector bundle on Xr0 . Suppose that for any closed point  of Xr0 , we have
(EjG0)
'  ! EjG0 . Then E
'  ! E and E is a vector bundle on Xr.
(3) The functor  : Vect(Xr)  ! Vect(Xr0) is fully faithful and the essential image consists of all
the vector bundles E on Xr0 such that for any closed point  of Xr0 , we have (EjG0)
'  !
EjG0 .
Proof. (1) By taking an fppf covering T  ! X with T a scheme, the assertion can be deduced from
Proposition 3.1.11(2) (cf. [67, Lemma 06QF]).
(2) Take fppf coverings f : T  ! Xr and f 0 : T 0  ! Xr0 with T and T 0 schemes and consider
the commutative diagram
T 00
g0 //
f 00

T 0
f 0

Xr
0
T
g //
0

Xr
0


T
f
// Xr:
where all the squares are 2-Cartesian. Note that f 00 : T 00  ! Xr0T is an fppf covering of Xr
0
T with T
00 a
scheme. Then, for any morphism  : E1  ! E2 of vector bundles on Xr0 ,  is an isomorphism if and
only if g0f 0 = f 00g is an isomorphism, and the latter condition is equivalent to the condition
that g is an isomorphism.
Then the claims are equivalent to saying that gE '  ! gE and fE is a vector bundle
on T . However, since f : T  ! Xr is at, by at base changing, we get
gE ' 0fE ' 00gE
and similarly, fE ' 0gE . Hence, the problem is reduced to the absolute case  : Xr
0=r  ! X,
which follows from [5, x10 Theorem 10.3].
(3) The description of the essential image is immediate from (2). The full faithfulness follows
from Proposition 3.1.9(3).
Proposition 3.1.13. (cf. [9, Proposition 3.9(c)]) With the same notation as in Denition 3.1.10,
suppose further that X is smooth over k, that each Di is smooth over k, and that D is a simple
normal crossings divisor on X. Then the root stack r
p
D=X is a smooth algebraic stack over k.
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Proof. Since the problem is Zariski local, we may assume that
X
def
= r
p
D=X ' [Z=r]
for some Z = SpecA[t]=(tr   s) with X = SpecA (cf. Proposition 3.1.11(1)), where s1; : : : ; sn is a
regular sequence in A. Let us begin with showing that Z is smooth over k. Let p : Z  ! X   ! X
be the composition of the quotient map with the coarse moduli space map . Let D0 def= p 1(D).
Then note that D0 = (V (ti))ni=1 and t1; : : : ; tn is a regular sequence. By [67, Lemma 0BIA], the
scheme theoretic intersection \ni=1Di is a regular scheme. However, since
A[t]=(tr   s; t1; : : : ; tn) = A=(s1; : : : ; sn) = O\ni=1Di ;
by [67, Lemma 00NU], we can nd that Z is smooth over k. Let W  ! X be a smooth atlas and
put
W 0 def= W X Z:
Since the projection W 0  ! Z is smooth and Z is a smooth k-scheme, W 0 is smooth over k. Then
we get the commutative diagram
W 0
p //
##H
HH
HH
HH
HH
W

Spec k:
Since W 0  ! W is an fppf covering, by [67, Lemma 05B5], W must be a smooth k-scheme. This
completes the proof.
Remark 3.1.14. Let X be a family of projective smooth connected curves of genus g  0 over a
connected Noetherian scheme S. Let D = (Di)
n
i=1 be an n-tuple of eective Cartier divisors which
are isomorphic to S. Let r = (ri)
n
i=1 be an n-tuple of positive integers ri > 0. Then the root stack
X
def
= r
p
D=X gives a twisted curve over S in the sense of [4, x2]. By denition, X is a proper at
tame stack over S whose coarse moduli space is the natural projection  : X  ! X. Moreover, for
each i, the ber  1(Di)  ! Di = S gives an fppf ri-gerbe over S. Therefore, by [4, x2 Proposition
2.3], we may assume that S is the spectrum of a eld k and each Di is a closed point xi. Now it
suces to check the condition (iv) in [4, Denition 2.1] for each i. So, let us x an index i. By
denition of root stacks, there exists an ane open neighbourhood U = SpecA of xi in X such
that XX U ' [SpecA[t]=(tri   si)=ri ] where si = 0 is a local equation of xi. Since X is smooth,
the strictly henselization Axi of A at xi is isomorphic to ks[[si]], where ks is a separable closure
of k. Therefore, Axi [t]=(t
ri   si) ' ks[[s1=rii ]], on which the group ri acts by (; s1=rii ) 7!   s1=rii .
Therefore, the root stack X  ! S is a twisted curve.
3.2 Liftings of nite linearly reductive torsors of curves
3.2.1 Lifting problem in the diagonalizable case
Let k be an algebraically closed eld of characteristic p > 0. Let X0 be a projective smooth
connected curve over k. Let ; 6= U0  X0 be an open subscheme of X0. Let D0 def= X0 n U0. We
shall consider D0 as a reduced divisor of X0. Let n
def
= #D0(k). Let J0
def
= Pic0X0=k be the Jacobian
variety of X0. Let JD0 be the generalized Jacobian variety of X0 with respect to the divisor D0 [64].
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Note that since D0 is reduced, JD0 is a semi-abelian variety over k. More precisely, there exists an
exact sequence of commutative algebraic groups over k,
0  ! LD0  ! JD0  ! J0  ! 0:
Here, LD0 is an ane commutative algebraic group over k which represents the fppf sheaf Gm;D0=Gm;k,
where  : D0  ! Spec k is the structure morphism. Since now k is algebraically closed, LD0 is
non-canonically isomorphic to Gn 1m;k . Let  : U0  ! JD0 be the associated k-morphism.
Lemma 3.2.1. For any integer m > 0, the restriction map
 : Ext1(JD0 ; pm)  ! H1fppf(U0; pm) (3.2.1)
is injective.
Proof. Let us consider an extension of commutative group schemes
0  ! pm;k  ! J 0 f  ! JD0  ! 0 (3.2.2)
and suppose that J 0  ! U0 is a trivial torsor, i.e. it admits a section U0  ! J 0. The morphism
 : U0  ! JD0 then extends to a morphism  : U0  ! J 0,
J 0
f

U0
 
==zzzzzzzzz

// JD0 :
We shall show that the extension (3.2.2) is trivial. Now, as U0 is reduced, the morphism  factors
through the reduced subgroup scheme J 0red of J
0. Therefore, we may assume that J 0 is reduced. By
the universality of  : U0  ! JD0 , it suces to show that D0 is a modulus for  . However, since
J 0 is nite over a semi-abelian variety JD0 , the reduced commutative algebraic k-group scheme J 0
must be a semi-abelian variety as well. Therefore, by [64, III Propositions 13 and 14], the reduced
divisor D0 is a modulus for the morphism  : U0  ! J 0. This completes the proof.
Lemma 3.2.2. With the above notation, for any integer m > 0, we have
H1fppf(U0; pm) '
(
(Z=pmZ) if n = 0,
(Z=pmZ)+n 1 if n > 0:
Proof. If n = 0, the statement is standard. Let us assume n > 0, namely U0 is ane. We shall adopt
the argument of the proof of [67, Lemma 03RN]. Let X0 n U0 = fx1; : : : ; xng. Then there exists an
isomorphism Pic(U0) ' Pic(X0)=R with R def= hOX0(xi) j 1  i  n iZ  Pic(X0). Therefore,
H1fppf(U0; pm) ' f(L;) jL 2 Pic(U0);  : L
p
m ' ! OU0g= '
'

(L;D; )
 L 2 Pic(X0); D 2 Zx1 +   + Zxn;
 :L

pm ' ! OX0(D)

=R;
where R is the group dened by
R
def
= f(OX0(D0); pmD0; id) jD0 2 Zx1 +   + Zxng:
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We identify the group H1fppf(U0; pm) with the second one in the right hand side of the above
equation. We then obtain the following exact sequence
0! H1fppf(X0; pm)! H1fppf(U0; pm)!
nM
i=1
Z=pmZ  ! Z=pmZ! 0:
Here the second map is given by (L;) 7! (L; 0; ) and the third one by (L;D; ) 7! (ai)ni=1 with
D =
Pn
i=1 aixi. This completes the proof.
Proposition 3.2.3. For any nite local diagonalizable k-group scheme 0, the restriction map
 : Ext1(JD0 ;0)  ! H1fppf(U0;0) (3.2.3)
is bijective.
Proof. We may assume that 0 = pm;k for some integer m > 0. If U0 = X0, then the claim is a
consequence of [7, Corollary 3.8]. Therefore, we may assume that U0 is ane. By Lemma 3.2.2, we
have
H1fppf(U0; pm) ' (Z=pmZ)+n 1:
Therefore, thanks to Lemma 3.2.1, it suces to show that there exists an isomorphism of abelian
groups
Ext1(JD0 ; pm) ' (Z=pmZ)+n 1:
By [48, II.12, Lemma (12.2)], the sequence
0  ! Ext1(J0; pm)  ! Ext1(JD0 ; pm)  ! Ext1(LD0 ; pm)  ! 0
is a short exact sequence of Z=pmZ-modules. Since LD0 ' Gn 1m;k , by considering the following
exact sequence
End(Gm;k)
pm   ! End(Gm;k)  ! Ext1(Gm;k; pm)  ! Ext1(Gm;k;Gm;k) = 0;
we can nd that Ext1(LD0 ; pm) ' (Z=pmZ)n 1. On the other hand, Ext1(J0; pm) ' (Z=pmZ) ,
whence the claim.
Let R be a complete discrete valuation ring with residue eld k with the fraction eld K
def
=
FracR. Let S
def
= SpecR. Let  2 S be the generic point and s 2 S the closed point. Fix an
algebraic closure K of K and denote the separable closure of K in K by Ks. Let R denote the
integral closure of R in K which is a valuation ring. We shall identify the residue eld of R with the
eld k. We shall denote by  and s the generic point and the closed point respectively. By a nite
extension of R, we mean the integral closure R0 of R in a nite extension K 0 of K in K, which is a
complete discrete valuation ring with the same residue eld k as R.
Let f :X  ! S be a family of projective smooth curves of genus g. Let D X be an eective
relative divisor ofX =S which is nite etale over S. We put n
def
= #D(S). We denote by U
def
= X nD
and also denote by f the restriction of f to U . Fix a section x : S  ! U of f : U  ! S. Let
X0
def
= Xs
def
= X S s be the special ber. Similarly for D0; U0; x0. Let XK def= X def= X S  be
the generic ber. Similarly for DK ; UK ; xK .
Let J
def
= Pic0X =S be the Jacobian scheme of X =S. Similarly, we dene JK (respectively J0)
to be the Jacobian variety of XK (respectively of X0). Note that J S  = JK and J S s = J0.
We denote by  the p-rank of J0 (cf. [42]), which we also call the p-rank of the curve X0 (cf. [15]).
70
We shall denote byJD the generalized Jacobian scheme of X =S with respect to D in the sense
of [62, Section III]. Then there exists an exact sequence of commutative S-group schemes
0  ! LD  !JD  !J  ! 0 (3.2.4)
where LD represents the fppf sheaf Gm;D=Gm;S with  : D  ! S the structure morphism. Since
 : D  ! S is nite etale and S is strict henselian, we have LD ' Gn 1m;S non-canonically.
Now we solve the lifting problem for diagonalizable torsors.
Proposition 3.2.4. Any nite diagonalizable torsor (P0; G0; p0)  ! (U0; x0) can be lifted to a
nite diagonalizable torsor over (U =S; x) after a nite extension of R.
For the proof, we will need several lemmas. First we shall show that the proposition holds for
proper curves:
Lemma 3.2.5. Any nite diagonalizable torosr (P0; G0; p0)  ! (X0; x0) can be lifted to a nite
diagonalizable torsor over (X =S; x) after a nite extension of R.
Proof. We may assume that G0 = m;k for some integer m > 0. By [7, Corollary 3.8], it suces to
show that the reduction map
J _[m](S)  ! J_0 [m](k)
is surjective where ( )_ means the dual abelian scheme or variety. SinceJ _ is an abelian S-scheme,
the closed subgroup scheme J _[m] is a nite at commutative group scheme over S. Therefore,
the natural reduction map
J _[m](K) '   J _[m](S)  ! J_0 [m](k)
is surjective, which completes the proof.
Lemma 3.2.6. For any integer r;m > 0, there exist isomorphisms of abelian groups
Ext1(Grm;S ; pm) ' H1fppf(Grm;S=S; pm) ' (Z=pmZ)r:
Therefore, the reduction map
Ext1S(Grm;S ; pm;S)  ! Ext1k(Grm;k; pm;k)
is an isomorphism.
Proof. First we will show that
Ext1S(Grm;S ;Gm;S) = H
1
fppf(G
r
m;S ;Gm) = 0: (3.2.5)
The second equality is valid because Pic(Grm;S) = 0 together with Hilbert's Theorem 90 [41, III
Proposition 4.9]. Thus, for the rst equality, it suces to show that the natural map
Ext1S(Grm;S ;Gm;S)  ! H1fppf(Grm;S ;Gm)
is injective. This is valid because any S-morphism  : Grm;S  ! Gr
0
m;S between tori with (1) =
1 must be an S-homomorphism of group schemes. Therefore, we can obtain the vanishing of
cohomologies (3.2.5). Then we have the following commutative diagram,
0 // EndS-gr(Grm;S)
pm //

EndS-gr(Grm;S) //

Ext1S(G
r
m;S ; pm;S)

// 0
0 // EndS(Grm;S)=R
pm // EndS(Grm;S)=R // H1fppf(G
r
m;S=S; pm)
// 0:
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Here, the two horizontal sequences are both exact. Since the left and middle vertical arrows are
bijective, the right vertical arrow is also bijective. Thus the rst assertion holds. On the other
hand, the same argument implies that the natural map Ext1k(Gm;k; pm;k) ! H1fppf(Gm;k; pm) is
bijective (cf. See also Proposition 3.2.3). Finally since the map
Z=pmZ ' H1fppf(Gm;S=S; pm)  ! H1fppf(Gm;k; pm) ' Z=pmZ
is bijective, we obtain the second assertion.
Proof of Proposition 3.2.4. We may assume that G0 = lm;k for some prime l and some integer
m > 0. However, if l 6= p, then the assertion is a part of Grothendieck's specialization theorem
for the etale fundamental group [26]. So we may assume that l = p. Furthermore, we may assume
that P0  ! U0 cannot be reduced to a proper subtorsor, i.e. that there exist no pair of a proper
subgroup scheme H0 ( G0 and an H0-torsor Q0  ! U0 such that P0 ' IndG0H0(Q0). In the following,
we shall adopt the argument in [62, Section IV.1]. According to Proposition 3.2.3, the G0-torsor
P0  ! U0 comes from some isogeny over the generalized Jacobian variety JD0 . Namely there exists
an exact sequence of commutative group schemes
0  ! G0  ! J 0D0  ! JD0  ! 0 (3.2.6)
such that the following diagram is Cartesian
P0

//

J 0D0

U0
0
// JD0 ;
where 0 : U0  ! JD0 is the natural morphism. The exact sequence (3.2.6) decomposes in the form
0

0

0

0 // N0 //

G0 //

H0 //

0
0 // LD0 / /
f0

J 0D0
//

J 00 //
g0

0 (E00)
0 // LD0 / /

JD0
//

J0 //

0 (E0)
0 0 0
(3.2.7)
Here, the isogeny f0 : LD0  ! LD0 has been dened as follows. By Lemma 3.2.6, there exist an
isogeny f0 : LD0  ! LD0 with kernel N0 and the embedding N0 ,! G0 such that
J 0D0 JD0 LD0 = Ind
G0
N0
(LD0
f0 ! LD0);
which denes the inclusion of the left vertical sequence into the middle one. The right vertical
sequence is then induced by the snake lemma. We shall denote by (E0) (respectively (E
0
0)) the
extension class dened by the third horizontal exact sequence (respectively the one dened by the
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second horizontal exact sequence). Note that by our assumption on P0 ! U0, the commutative
group scheme J 00 must be an abelian variety.
According to [7, Corollary 3.8] and Lemma 3.2.5, after a nite base change of R, the isogeny
~g0 : J
0
0  ! J0 can be lifted to an isogeny g : J 0  ! J between abelian schemes over S whose
kernel is diagonalizable. On the other hand, according to Lemma 3.2.6, the left vertical sequence
also lifts to an exact sequence
0  ! N  ! LD f  ! LD  ! 0:
We have constructed the diagram
0

0

N

H

LD
f

J 0
g

0 // LD //

JD //J //

0 (E)
0 0
with (E) the extension class dened by the horizontal exact sequence.
Note that f can be represented by an (n  1) (n  1) matrix with coecients in Z. We shall
assume that det(f) = rankON = p
r. Take a matrix ~f 2Mn 1(Z) such that f ~f = pr. Consider the
following exact sequence
0  ! Ext1S(J 0;N )  ! Ext1S(J 0;LD) f  ! Ext1S(J 0;LD)
and note that g(E) 2 Ext1S(J 0;LD) 'J 0_(S)n 1, where J 0_ def= Pic0J 0=S is the dual abelian
scheme ofJ 0. SinceJ 0_ is an abelian scheme over S, the multiplication-by-pr-map pr : J 0_(K) =
J 0_(S)  !J 0_(S) = J 0_(K) is surjective. This implies that after a nite extension of R, there
exists an extension class ~E 2 Ext1S(J 0;LD) such that g(E) = pr ~E.
If we dene E0 def= ~f ~E 2 Ext1S(J 0;LD), then we have fE0 = g(E). Now let us consider the
following exact sequence
0  ! Ext1(J 00; N0)  ! Ext1(J 00; LD0)
(f0)    ! Ext1(J 00; LD0)  ! 0:
Note that the two classes E0s and E00 belong to Ext
1(J 00; LD0) and those both are mapped to g0(E0)
by (f0), whence E0s  E00 2 Ext1(J 00; N0). Then again by Lemma 3.2.5 and [7, Corollary 3.8], after
a nite extension of R, the extension class E0s   E00 2 Ext1(J 00; N0) can be lifted to an extension
class E00 2 ExtS(J 0;N ). Then the class E0 + E00 2 Ext1S(J 0;LD) gives a lift of E00.
Let us x an extension
0  ! LD  !J 0D  !J 0  ! 0
representing the class E0+E00 and dene a diagonalizable torsorP  ! U by the Cartesian diagram
P

//

J 0D

U

//JD;
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where  : U  ! JD is the natural morphism. By Proposition 3.2.3, we can conclude that
P  ! U is a lift of P0  ! U0. This completes the proof.
Remark 3.2.7. Let A be an abelian scheme over S. Mattuck's result [40, Theorem 6] implies that
the multiplication by p map A(S)! A(S) is not surjective unless A = 0.
3.2.2 Lifting problem in the general case
We shall continue to use the same notation as in the previous subsection. Now we shall solve the
lifting problem for arbitrary linearly reductive torsors of curves.
Theorem 3.2.8. Any nite linearly reductive torsor (P0; G0; p0)  ! (U0; x0) can be lifted to a
nite linearly reductive torsor over (U =S; x) after a nite extension of R.
Lemma 3.2.9. Let X be a pseudo-proper inexible algebraic stack of nite type over a eld k. Let
G and H be nite k-group schemes with G constant. Suppose given a (G;H)-tower of torsors over
X (cf. Denition 2.3.3),
Z  ! Y  ! X
with Y  ! X Nori-reduced and let X  ! B(G;H) denote the corresponding morphism into a
nite neutral gerbe over k (cf. (2.3.1)), which uniquely factors through a Nori-reduced morphism
X  !  into a nite gerbe over k (cf. Lemma 2.1.27). In this case, if
gZ = Z Y;g Y ' Z
as H-torsors over Y for any g 2 G, then we have
deg  dimk OG  dimk OH :
Proof. Since G is constant, there exists a nite k-group scheme   together with an isomorphism
B  '  ! B(G;H) (cf. (2.3.1)). Let us describe the Galois envelope P  ! X associated with the given
tower Z  ! Y  ! X (cf. Denition 2.3.4). First recall that   admits a factorization (cf. (2.3.3))
  = Gn
Y
g2G
H;
where the action of G on the component
Q
g2GH is induced by the multiplication of G. Then P
can be written
P =
Y
g2G
gZ  ! Y  ! X (3.2.8)
as a (G;
Q
g2GH)-tower of torsors over X .
Now let us prove the lemma. We may assume that k is algebraically closed. In particular, we
can take k-rational points x 2 X (k) and y 2 Y(k) where y is lying above x. Then, by Theorem
2.3.1(1), after we choose a k-rational point p 2 P(k) lying above y, we get a commutative diagram
of ane group schemes,
1 // N(Y; y) //
 
 
N(X ; x) //


G // 1
1 //
Q
g2GH //   // G // 1
where the two horizontal sequences are exact. Then the degree deg is nothing other than the
order dimk OIm() of the image of , which is a closed subgroup scheme of  . However, by the
74
assumption, the induced morphism  factors through the diagonal homomorphism H  !Qg2GH,
which implies the inequality
dimk OIm()  dimk OG  dimk OH :
This completes the proof.
Proof of Theorem 3.2.8. We may assume that (P0; G0; p0) is Nori-reduced. Since k is algebraically
closed of characteristic p > 0, G0 can be written as a semi-direct product
G0 ' H0 n0
of a constant and tame group scheme H0 and a local and diagonalizable group scheme 0. Let us
consider the quotient Q0
def
= P0=0 of P0 by the action of 0, which is an H0-torsor over U0. Let
H and  be canonical liftings of H and  respectively.
Let  0 be the automorphism group scheme AutB(H0;0)(0) of the trivial tower of torsors
0 : H0 0  ! H0  ! Spec k:
Then there exists a faithful morphism of nite tame gerbes
BG0  ! B(H0;0) '    B 0:
Since H0 is constant and tame, the H0-torsor Q0  ! U0 is uniquely lifted to an H-torsor Q  ! U .
Moreover, by Proposition 3.2.4, after a nite extension of R, the 0-torsor P0  ! Q0 can be lifted
to a -torsor P  ! Q. Now, by restricting to the generic bers, we get a morphism
UK  ! B(HK ;K) =    B K :
From the description (2.3.3), one can see that  K is linearly reductive. By [46, Proposition 4.5],
there exists an n-tuple r = (ri)
n
i=1 of positive integers such that the morphism UK  ! B K can be
extended to a morphism
XK
def
= r
p
DK=XK  ! B K
from the root stack XK (cf. Denition 3.1.10), which is proper and inexible over K, where D =
(Di)
n
i=1 is the family of connected components of D = X n U . Moreover, since  is abelian and
p - #H, we can replace P with
1
#H
X
h2H
hP 2 H1fppf(Q=S;):
Hence, hP ' P as -torsors over Q for any h 2 H. Note that the reduction of P is still isomorphic
to P0.
Therefore, by Lemma 3.2.9, after a nite extension of K, the above morphism XK  ! B K
factors through a Nori-reduced morphism XK  ! BGK where GK is a closed subgroup scheme of
 K with
dimK OGK  dimK OHK  dimK OK :
Since G and   are linearly reductive, by [46, Corollary 4.3], after a nite extension of R, we get
a commutative diagram
U //
!!D
DD
DD
DD
D B :
BG
OO
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Let us denote by P  ! U the G-torsor corresponding to the morphism U  ! BG. Now we get
another factorization of the morphism U0  ! B 0 associated with the tower P0  ! Q0  ! U0,
U0
Ps   ! BGs  ! B s = B 0:
However, since BGs  ! B 0 is representable, the morphism given by Ps must factor through the
Nori-reduced morphism U0  ! BG0.
U0
Ps //
P0 ""E
EE
EE
EE
E BGs:
BG0
OO
As BG0  ! B 0 is representable, so is the resulting morphism BG0  ! BGs. However, since
dimk OGs  dimk OH0  dimk O0 = dimk OG0 ;
by [13, Proposition 4.5], the morphism BG0  ! BGs must be an isomorphism, which implies that
the G-torsor P  ! U gives a lifting of the G0-torsor P0  ! U0. This completes the proof.
Remark 3.2.10. Let k be an algebraically closed eld and H and  nite k-group schemes together
with a homomorphism  : H  ! Autk(). Suppose that H is constant. Let G = H n  be the
associated semi-direct product group scheme of H and . Let   be the automorphism group scheme
AutB(H;)(0) of the trivial tower 0 : H  ! H  ! Spec k. and consider a natural representable
morphism of nite gerbes
BG  ! B(H;) '    B :
In the following, we shall identify B  = B(H;). Since k is algebraically closed, the representable
morphism BG  ! B  comes from an injective homomorphism
 : G  !  :
Now the (H;)-tower of torsors
G  ! H  ! Spec k
is canonically isomorphic to 0 and the homomorphism  can be described as follows. The ho-
momorphism  induces the identication idH : H
=  ! H. Then the restriction of  to  factors
through ResH=k() =
Q
h2H  and the resulting homomorphism
  ! ResH=k()
maps each element  2  to the #H-tuple ((h)())h2H 2
Q
h2H . Therefore, for any G-torsor
Z  ! X over an algebraic stack X of nite type over k, the associated  -torsor P  ! X can be
described as an (H;
Q
h2H )-tower
P =
Y
h2H
Zh  ! Y  ! X ;
where Y = Z= and, for each h 2 H, we dene Zh = Z ;(h) . (Note that Zh is isomorphic to
Qh ^ Z with Olsson's notation in [46, x3].) Then, by combining with the description (3.2.8) in the
proof of Lemma 3.2.9, we can nd that there exist isomorphisms
h : Zh '  ! hZ; h 2 H
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of -torsors over Y, which make the following diagram commute
(Zh)h0 h // (hZ)h0
h(Zh0)
h0

Zh0h h0h // (h
0h)Z
(3.2.9)
for any h; h0 2 H (cf. [46, 3.3]). In fact, according to [46, Proposition 3.1], the essential image of
the functor Hom(X ;BG)  ! Hom(X ;B(H;)) is the subcategory of (H;)-towers
Z  ! Y  ! X
which can be endowed with the isomorphisms h : Zh '  ! hZ (h 2 H) of -torsors over Y which
make the diagram (3.2.9) commutative.
3.3 Variation of the tame fundamental gerbes of curves
3.3.1 Tame fundamental gerbe
In this subsection, we recall the denition of the tame fundamental gerbe (and tame fundamental
group scheme) in the sense of Borne{Vistoli (cf. [13, x10]).
Denition 3.3.1. (cf. [13, Denition 10.1]) A nite stack   over a eld k is said to be tame if the
functor Coh( )  ! Veck given by F 7! H0( ; F ) is exact.
Note that a nite stack   has a coarse moduli space  :    ! SpecH0( ;O) with A def= H0( ;O)
a nite k-algebra. Thus, the functor Coh( )  ! Veck factors through the push-forward functor
 : Coh( )  ! Coh(SpecA), which is followed by the forgetful functor Coh(SpecA)  ! Veck;F 7!
H0(SpecA;F ). Therefore, a nite stack   is tame if and only if it is a tame stack in the sense of
Denition 3.1.2. For example, if G is a nite k-group scheme, then BG  ! Spec k is tame if and
only if G is a linearly reductive k-group scheme (cf. [3, x2]).
Proposition 3.3.2. (cf. [13, x10]) Let X be an inexible algebraic stack of nite type over a eld
k. Then there exists a pronite gerbe  together with a morphism X  !  such that for any nite
tame stack   over k, the induced functor
Homk(; )  ! Homk(X ; )
is an equivalence of categories.
Denition 3.3.3. (cf. [13, Denition 10.4]) With the same notation as above, such a pronite gerbe
 is unique up to unique isomorphism for X=k. Therefore, we denote it by tameX=k , or tameX for
simplicity, and call it the tame fundamental gerbe for X over k. Moreover, if X admits a k-rational
point x : Spec k  ! X , then we denote by tame(X ; x) the automorphism group scheme Autk() of
the object  : Spec k
x  ! X  ! tameX=k and call it the tame fundamental group scheme for (X ; x).
In the case where X is pseudo-proper over k, an essentially nite bundle E (cf. Denition 2.2.10)
on X is said to be tamely nite if all the indecomposable components of all the tensor powers E
n are
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irreducible (cf. [13, Denition 12.1]). We now dene the category TFin(X ) to be the full subcategory
of EFin(X ) which consists of tamely nite bundles on X . Then, the fully faithful functor
Vect(tameX=k )  ! Vect(NX=k) '  ! EFin(X )  Vect(X )
induces an equivalence of categories (cf. [13, Theorem 12.2])
Vect(tameX=k )
'  ! TFin(X ): (3.3.1)
In particular, TFin(X ) is a tannakian category over k and it is the largest tannakian semisimple
subcategory of EFin(X ).
The following is a variant of Theorem 2.3.1 (see also Theorem 2.3.2).
Proposition 3.3.4. Let X be a pseudo-proper inexible algebraic stack of nite type over a perfect
eld k of characteristic p > 0. Let f : Y  ! X be a Nori-reduced nite tame etale G-torsor. Then
the following diagrams are 2-Cartesian.
Y //
f

tameY=k //
f

Spec k

X // tameX=k // BG:
Proof. We shall adopt the argument in the proof of [8, Theorem I]. We dene a nite stack  over
tameX=k to be the 2-ber product


//
f

Spec k

tameX=k // BG:
Hence, all the squares in the diagram
Y v //
f

 //
f

Spec k

X u // tameX=k // BG:
are 2-Cartesian. It suces to show that the morphism Y  !  gives the tame fundamental gerbe
of Y over k. First note that since f : Y  ! X is Nori-reduced, the morphism tameX=k  ! BG is a
gerbe and so is   ! Spec k. Moreover, since   ! tameX=k is representable and tameX=k is tame, the
gerbe  is tame as well. In particular, by [13, Proposition 10.3], the category Vect() is semisimple.
Since now X is inexible and pseudo-proper, by [13, Theorem 12.2], the pullback functor u
induces an equivalence of categories
u : Vect(tameX=k )
'  ! TFin(X );
whence uOX ' OtameX=k (cf. [8, Lemma 1.22]). As f is faithfully at, by at base change, we also
have vOY ' O, which implies that the pullback functor
v : Vect()  ! EFin(Y)
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is fully faithful. However, as Vect() is a semisimple tannakian category, the essential image of v
must be contained in TFin(Y). To prove that Y  !  gives the tame fundamental gerbe of Y over
k, it suces to show that the functor
v : Vect()  ! TFin(Y)
is essentially surjective. By applying [8, Lemma 2.7] to the diagram
Vect(Y) TFin(Y)? _oo Vect()? _oo
v
ww
Vect(X )
f
OO
TFin(X )? _oo
OO
Vect(tameX=k );
'oo
OO
u
gg
we can conclude that for any vector bundle V 2 Vect(Y) lies in the essential image of v if and only
if fV is tamely nite. Therefore, to complete the proof, we have only to show that for any tamely
nite bundle V 2 TFin(Y), the pushforward sheaf fV is tamely nite on X .
This is a consequence of the existence of Galois envelopes (cf. Denition 2.3.4). Indeed, this
implies that for any H-torsor Z  ! Y with H linearly reductive, there exists a  -torsor P  ! X
where   is linearly reductive together with homomorphisms  :    ! G and  : Ker()  ! H such
that there exists a commutative diagram
P
 ?
??
??
??
?
''OO
OOO
OOO
OOO
OOO
Z // Y // X ;
where P  ! Y is Ker()-equivariant and P  ! Z is Ker()-equivariant.
Indeed, for any tamely nite bundle V 2 TFin(Y), by denition, there exists an H-torsor
h : Z  ! Y such that hV ' OmZ . Therefore, if  : P  ! X denotes the Galois envelope
associated with the tower Z  ! Y  ! X as above and g : P  ! Y the Ker()-equivariant
morphism, then V  ggV ' gOmP , whence fV  fgOmP ' OmP , where the latter vector
bundle is tamely nite because  : P  ! X is a nite linearly reductive torsor. This completes the
proof.
3.3.2 Tame fundamental gerbes of curves
Let k be an algebraically closed eld k of characteristic p > 0. Let X be a projective smooth curve
over k of genus g  0 and of p-rank 0    g. Let U  X be a nonempty open subscheme of
X and let n
def
= #(X n U)  0. Let D = (xi)ni=1 be the family of closed points in X n U . In this
subsection, we shall discuss on basic properties of the tame fundamental gerbe tameU=k of U .
First let us show a niteness of isomorphism classes of nite linearly reductive torsors.
Lemma 3.3.5. For any nite linearly reductive group scheme G over k, the set Homk(U;BG) is
nite.
Proof. By [46, Proposition 4.5], if we choose an integer r > dimk OG, then we have an equivalence
of categories
Homk(
r
p
D=X;BG) '  ! Homk(U;BG);
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where r = (r)ni=1. On the other hand, the proof of [4, Proposition 4.4] implies that the category
Homk(
r
p
D=X;BG) has only nitely many isomorphism classes of objects. This completes the
proof.
Next let us discuss on a base-change property of the tame fundamental gerbes.
Lemma 3.3.6. Let k  k0 be an extension of algebraically closed elds of characteristic p > 0.
Then for any nite linearly reductive group scheme G over k, the functor
Homk(U;BG)  ! Hom(Uk0 ;BGk0):
is an equivalence of categories.
Proof. It suces to show that the functor is essentially surjective. Since k is algebraically closed of
positive characteristic, we can write G as a semi-direct product
G = H n
of a constant and tame group scheme H and a local and diagonalizable group scheme . Then,
since U is smooth, the functor
Homk(U;B(H;))  ! Homk0(Uk0 ;B(Hk0 ;k0)) (3.3.2)
is an equivalence of categories. Indeed, since U is a smooth curve, the projection Uk0  ! U induces
an equivalence of categories
Homk(U;BH) '  ! Homk0(Uk0 ;BHk0):
Moreover, note that if Y is a proper smooth curve over k, then an extension k  k0 of algebraically
closed elds of characteristic p > 0 does not aect the p-rank of Y . This fact together with [51,
Proposition 3.2] implies that, for any smooth curve V over k, the functor
Homk(V;B) '  ! Homk0(Vk0 ;Bk0)
is an equivalence of categories.
Hence, the functor (3.3.2) is an equivalence of categories. Therefore, for any morphism  :
Uk0  ! BGk0 , the composition Uk0  ! BGk0  ! B(Hk0 ;k0) descends to a k-morphism U  !
B(H;). Let
W  ! V  ! U
denote the corresponding (H;)-tower of torsors over U . As observed in Remark 3.2.10, it suces
to show that the isomorphisms
h : (Wh)k0 = (Wk0)h
'  ! hWk0 = (hW )k0 ; h 2 H
induced by the Gk0-torsor structure of the tower Wk0  ! Vk0  ! Uk0 are dened over k. However,
since  is abelian, the Isom sheaf
IsomVk0 ((Wh)k0 ; (h
W )k0) = IsomV (Wh; h
W )k k0
is a k0-torsor over Vk0 which is dened over k, whence the claim.
Lemma 3.3.7. (cf. [4, Lemma 6.4]) Let G1 and G2 be two nite at linearly reductive group
schemes over a scheme S. Then the Hom scheme HomS(G1; G2) of S-homomorphism of group
schemes is nite, at and locally nitely presented over S.
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Corollary 3.3.8. Let k  k0 be an extension of algebraically closed elds. Then for any two nite
linearly reductive group schemes G1 and G2 over k, the map
Homk(G1; G2)  ! Homk0(G1;k0 ; G2;k0)
is bijective.
Proof. Indeed, for any nite k-scheme X, we have X(k) = X(k0). Therefore, the assertion is a
consequence of Lemma 3.3.7.
Corollary 3.3.9. Let k  k0 be an extension of algebraically closed elds. Let G1 and G2 be
arbitrary two nite linearly reductive group schemes over k. Then the map
Homk(BG1;BG2)  ! Homk0(BG1;k0 ;BG1;k0)
is bijective.
Proof. According to [3, Lemma 3.9], we have
Homk(BG1;BG2) ' [Homk(G1; G2)=G2]:
Therefore, by Corollary 3.3.8, we obtain the following commutative diagram
Homk(G1; G2)
' //

Homk0(G1;k0 ; G2;k0)

Homk(BG1;BG2) 
 // Homk0(BG1;k0 ;BG2;k0);
whence the desired bijective map.
Corollary 3.3.10. With the same notation as above, if k  k0 is an extension of algebraically
closed elds, then the natural morphism
tameUk0=k0
 ! tameU=k k k0
is an isomorphism.
Proof. For any nite linearly reductive k-group scheme G, by Lemma 3.3.6 and Corollary 3.3.9, we
have a commutative diagram
Homk0(
tame
U=k k k0;BGk0) // Homk0(tameUk0=k0 ;BGk0)
'

Homk(
tame
U=k ;BG)
'
))TTT
TTTT
TTTT
TTT
'
OO
Homk0(Uk0 ;BGk0)
Homk(U;BG)
'
55kkkkkkkkkkkkkkk
This completes the proof.
Finally, we discuss on a structure of the tame fundamental gerbes of smooth curves.
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Proposition 3.3.11. With the same notation as above, there exists a natural isomorphism of
tannakian gerbes over k,
tameU=k
'  ! lim  
r
tameXr=k
Proof. This is a consequence of [46, Proposition 4.5].
Corollary 3.3.12. With the same notation as above, let f : V  ! U be a Nori-reduced nite tame
etale G-torsor. Then all the squares in the following diagram are 2-Cartesian.
V //
f

tameV=k
//
f

Spec k

U // tameU=k
// BG:
Proof. By virtue of Proposition 3.3.11, the assertion is immediate from Proposition 3.3.4.
3.3.3 Comparison of the tame fundamental gerbes
Now we introduce a comparison map of the tame fundamental gerbes associated with a family
of marked projective smooth curves in characteristic p > 0. Let k be an algebraically closed
eld of characteristic p > 0. Let R be a complete discrete valuation ring of equal characteristic
p > 0 with residue eld k and with fraction eld K, which is non-canonically isomorphic to the
ring k[[t]] of formal power series in one variable. Let  (respectively s) be the generic point of
S
def
= SpecR (respectively the closed point of S). Let X be a genus g projective smooth R-curve
with geometrically connected bers. Let D X be an eective Cartier divisor of X which is nite
etale over S. Let (XK ; DK) (respectively (X0; D0)) be the geometric generic ber of (X ; D)  ! S
(respectively the closed ber of (X ; D)  ! S). Similar for U def= X nD, UK and U0. First note
that, for each nite linearly reductive group scheme GK over K, there exists a natural equivalence
of categories
Hom(US ;BGS)
'  ! Hom(UK ;BGK):
Indeed, since for any object  : U  ! BGS , the automorphism group scheme AutS() is a nite
at S-group scheme, whence AutS()(S)
'  ! AutS()(K) bijective. Therefore, the above functor
is fully faithful. Moreover, by [46, Corollary 4.3], the functor is essentially surjective, whence an
equivalence of categories. Therefore, we get a natural functor
Hom(UK ;BGK)
'    Hom(US ;BGS)
  ! Hom(U0;BG0) '  ! Hom(U0;K ;BGK);
where the last equivalence is due to Lemma 3.3.6. Then, by the universality of the tame fundamental
gerbes of UK and U0;K respectively, we get the map
cmpU =S : 
tame
U0;K
 ! tameUK ; (3.3.3)
which we call the comparison map associated with the family U  ! S and denote also by cmp, or
cmpU to ease of notation. Note that by Corollary 3.3.10, we have
tameU0;K
= tameU0 k K:
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Lemma 3.3.13. For each nite linearly reductive group scheme G over k, the functor
Hom(UK ;BGK)  ! Hom(U0;BG)
is essentially surjective, whence
#Hom(UK ;BGK)  #Hom(U0;K ;BG) (3.3.4)
(cf. Lemma 3.3.5). Moreover, the comparison map (3.3.3) cmpU =S : 
tame
U0;K
 ! tameUK is repre-
sentable.
Proof. The rst assertion is immediate from Theorem 3.2.8. The rst assertion implies that the
restriction functor
cmp : Vect(tameUK )  ! Vect(
tame
U0;K
)
satises the condition in [21, Theorem A.1(ii)], whence the second assertion.
Lemma 3.3.14. With the same notation as above, let V  ! U be a prime-to-p etale G-torsor
which has geometrically connected bers. By Abhyankar's lemma, there exists a projective smooth
R-curve Y together with an eective Cartier divisor E  V which is nite etale over S = SpecR
such that V = Y n E. Then the following diagrams are 2-Cartesian.
tameV0;K
cmpV //

tameVK
//

SpecK

tameU0;K
cmpU // tameUK
// BGK :
In particular, if the comparison map cmpU associated with U  ! S is isomorphic, then so is the
one cmpV associated with V  ! S.
Proof. This is immediate from Corollary 3.3.12.
3.3.4 Variation of the tame fundamental gerbes
Let Mg;n;Fp
def
= Mg;n Z Fp be the coarse moduli space of n-marked projective smooth curves of
genus g in positive characteristic p > 0, which is a geometrically irreducible quasi-projective smooth
variety over Fp of dimension 3g   3 + n. Fix an algebraically closure 
 of the residue eld of the
generic point of Mg;n;Fp . We dene the map
tame :Mg;n;Fp  ! ftannakian gerbes over 
g (3.3.5)
from the set of the geometric points ofMg;n;Fp into the set of isomorphism classes of tannakian gerbes
over 
 as follows. Each geometric point x : Spec k  ! Mg;n;Fp corresponds to the isomorphism
class of the n-marked genus g projective smooth curve (C; fp1;    ; png) over k. Now we dene
tame(x)
def
= [tame(C n fp1; : : : ; png)k 
]:
Moreover, since the tame fundamental gerbes of smooth curves commute with the base change
along any algebraically closed eld extensions (cf. Corollary 3.3.10). Therefore, the map (3.3.5) is
well-dened.
In this section, we study the map tame(3.3.5). Let us begin with the following lemma.
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Lemma 3.3.15. Suppose that 2g  2+n > 0. Let R be a complete discrete valuation ring of equal
characteristic with algebraically closed residue eld k of characteristic p > 0. Let S = SpecR  !
Mg;n;Fp be a nonconstant morphism and (X ;D = (xi)
n
i=1)  ! S the corresponding n-marked S-
curve with U
def
= X n fx1; : : : ; xng. Let  (respectively s) be the generic point of S (respectively
the closed point of S). Then the following conditions are equivalent.
(a) tame() 6= tame(s).
(b) tameU0 k K 6' tameUK .
(c) There exists a nite tame group scheme G over k such that
#Hom(UK ;BGK) 6= #Hom(U0;BG):
(d) The comparison map (3.3.3)
cmpU =S : 
tame
U0 k K  ! tameUK
is not an isomorphism.
Proof. The equivalences among (a), (b) and (c) are immediate from the denition of the tame
fundamental gerbes and the map tame (3.3.5). The implication (b) =) (d) is also obvious. Recall
that the inequality (3.3.4) always holds. Then the implication (d) =) (c) is immediate. This
completes the proof.
Theorem 3.3.16. We have the following.
(1) Suppose that 2g   2 + n > 0. For any closed point u 2Mg;n;Fp , we have
tame() 6= tame(u);
where  is the generic point ofMg;n;Fp . Therefore, for any nonempty open subsetW Mg;n;Fp ,
there exist two points v0; v 2W with v0 a specialization of v of codimension one such that
tame(v) 6= tame(v0):
(2) Suppose that g  2. Let k be an arbitrary algebraically closed eld of characteristic p > 0.
For any proper integral closed k-subscheme Z  Mg;n;k of dimension one with the generic
point t, then there exists a closed point s 2 Z such that
tame(t) 6= tame(s):
Proof. (1) Put k = Fp. The second assertion is immediate from the rst assertion. Indeed, if there
exists a nonempty open subset W  Mg;n;k such that for any two points v0; v 2 W with v is a
specialization of v0 of codimension one, we have 
tame(v) = tame(v0), then, for each closed point
u 2W , by taking a chain of specializations of codimension one
 = vn  vn 1     v0 = u
in W , we can conclude that tame() = tame(u). Thus it suces to show the rst assertion. Fix
a closed point u of Mg;n;k and choose a strictly henselian local ring R with u the closed point of
S
def
= SpecR and  the generic point of S. Let (X ;D = (xi)ni=1)  ! S be the corresponding family
of n-marked genus g curves with U
def
= X n fxigni=1.
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First we shall reduce the problem to the case where g  2. Let Vu  ! Uu be a connected
prime-to-p etale Galois covering with Galois group H such that the smooth compactication Yu of
Uu is of genus greater than or equal to 2. The ramied H-covering Yu  ! Xu can be uniquely
lifted to a ramied H-covering Y  ! X with Y is a smooth proper R-curve. Put E  Y be
the inverse image of D in Y , which is an eective Cartier divisor of Y nite etale over S. Put
V
def
= Y n E. If one can prove that
tameVu k k() 6' tameV ;
as we have already seen above, there exist two points v0; v 2 S with v0 is a specialization of v of
codimension one such that tameVv0
k(v) 6' tameVv . By Lemmas 3.3.14 and 3.3.15(d), we can conclude
that tameUv0
 k(v) 6' tameUv , which implies that
tameUu k k() 6' tameU :
Therefore, according to Yang's result [75, Theorem 2.4], for the projective smooth curveXu over
k = Fp, there exists a connected Z=mZ-covering Yu  !Xu with p - m such that Yu is not ordinary.
On the other hand, by the Nakajima{Zhang theorem [75, Proposition 1.3], any connected Z=mZ-
covering of the curve X is always ordinary. In particular, the lifting Y  ! X of Yu  ! Xu is
ordinary. Put H = Z=mZ and we dene a nite at linearly reductive group scheme   over R by
 
def
= HR n
Y
h2H
p;R;
where the action of HR on
Q
h2H p;R is the permutation of the components induced by the multi-
plication of H = Z=mZ. Then, by [8, x3], we have
B  ' B(H; p;); B u ' B(Hu; p;u) (3.3.6)
Now we claim that
#Hom(U;B ) > #Hom(Uu;B u);
which implies that
tameU 6' tameUu k k();
whence (1). Let p (respectively pu) the natural map Hom(U;B )  ! Hom(U;BH) (respec-
tively Hom(Uu;B u)  ! Hom(Uu;BHu)). Note that we may identify
H def= Hom(U;BH) = Hom(Uu;BHu):
Moreover, for each  2 H, there exists an inequality
#p 1 ()  #p 1u ():
Therefore, it suces to show that there exists an element  2 H such that
#p 1 () > #p
 1
u ():
Choose  = [YjU ] = [YujUu ] 2 H. Notice that, by (3.3.6), we have
p 1 () = Hom(YjU ;Bp;) = H1fppf(YjU ; p); p 1u () = Hom(YujUu ;Bp;u) = H1fppf(YujUu ; p)
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However, since the inverse image E  Y of D is nite etale over R and Y is ordinary but Yu is
not, we have
dimFp H
1
fppf(YjU ; p) > dimFp H1fppf(YujUu ; p):
This completes the proof.
(2) After taking a nite etale covering of Z and the normalization of the covering, we obtain
a nonisotrivial family (X ;D)  ! Z of n-marked genus g smooth curves over a projective smooth
k-curve Z with U =X nD where D = fxigni=1. By Lemma 3.3.15, it suces to show that
#Hom(Ut;BGt) > #Hom(Us;BG)
for some closed point s 2 Z and some nite linearly reductive k-group scheme G.
Then, by [61, Theorem 4.6], there exists a nite connected etale covering Z 0  ! Z, a prime-to-p
covering Y 0  !X 0 =X Z Z 0, and a closed point z0 2 Z 0 such that
dimFp H
1
fppf(Y
0
t
0 ; p) > dimFp H
1
fppf(Y
0
z0 ; p);
where t0 ! Z 0 is the generic point. If one take the image of z0 as a closed point s 2 Z, then the
same argument as in the proof of (1) implies the assertion. This completes the proof.
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Chapter 4
A purely inseparable analogue of the
Abhyankar conjecture for ane curves
in positive characteristic
4.1 Conjectural description
4.1.1 Local fundamental group scheme, revisited
Let k be a eld of characteristic p > 0 and X a reduced algebraic stack over k such that H0(OX )
contains no nontrivial purely inseparable extension of k, which admits the local fundamental gerbe
X  ! locX=k (cf. Denition 2.1.33 and Proposition 2.1.34(2)). By applying the formalism in x2.2.3,
to the structure morphism X  ! Spec k = XT , we get a tannakian interpretation of the local
fundamental gerbe locX=k. With the notation as in x2.2.3, we consider the categories
Di(X ) def= Ti(X )
for i  0 with XT = Spec k and the functors
Di(X )  ! Di+1(X ) ; (F ; V; ) 7! (F F ; F kV; F ):
Recall that D1(X ) = lim !iDi(X ).
Theorem 4.1.1. (Tonini{Zhang, cf. [71, x7 Theorem 7.1]) Let k be a eld of characteristic p > 0
and X a reduced algebraic stack over k such that H0(OX ) contains no nontrivial purely inseparable
extension of k. Then, all the categories Di(X ) (i  0) and D1(X ) are tannakian categories over k
and the above functors Di(X )  ! Di+1(X ) are k-linear monoidal exact functors. Moreover, there
exists a natural equivalence of tannakian categories
D1(X ) '  ! Vect(locX=k):
Proof. All the statements except for the last equivalence are immediate consequences of Theorem
2.2.22(1) and (2). However, by Theorem 2.2.22(3), we have D1(X ) = EFin(D1(X )) and the
morphism X  ! locD1(X ) = D1(X ) is the local fundamental gerbe over k. This completes the
proof.
Furthermore, if k is perfect, then the local fundamental gerbe locX=k is neutral.
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Proposition 4.1.2. (Romagny{Tonini{Zhang, cf. [58, x2]) Let   be a pro-local gerbe over a perfect
eld. Then  (k) 6= ; and, for any two objects ; 0 2  (k), there exists exactly one isomorphism

'  ! 0. In other words, the tannakian category Vect( ) has a neutral ber functor which is unique
up to unique isomorphism.
Proof. Since Vect( ) ' Vect(loc =k), we may assume that   = locX=k for some reduced algebraic stack
X over k. Then by Theorem 4.1.1, it suces to show the claim for D1(X ). Indeed, the functors
Di(X )  ! Veck ; (F ; V; ) 7! F ik V dene neutral ber functors compatible with transition
functors Di(X )  ! Di+1(X ), whence we get a neutral ber functor of D1(X ). Suppose given two
neutral ber functors ! and !0 of D1(X ). Then the sheaf of isomorphisms P def= Isom
k (!; !0) is a
torsor over k under a pro-local k-group scheme, which admits a unique k-rational point Spec k =
Pred  ! P . Therefore, there exists a unique isomorphism ! '  ! !0. This completes the proof.
Corollary 4.1.3. (Unver, Zhang, Romagny{Tonini{Zhang, cf. [72] [77] [58, x2]) Let X be a reduced
algebraic stack over a perfect eld k with X (k) 6= ;. Then the local fundamental gerbe loc(X ; x) is
independent of the choice of k-rational point x. More precisely, for any two k-rational points x; x0 2
X (k), there exists exactly one isomorphism of pro-local k-group schemes loc(X ; x) '  ! loc(X ; x0).
Moreover, for any k-rational point x 2 X (k), there exist equivalences of categories
Homk(
loc(X ; x); G) ' // Hom(locX=k;BG)
' // H1fppf(X ; G)
for any nite local k-group scheme G.
From now on, we write loc(X ) instead of loc(X ; x) for the local fundamental group scheme of
(X ; x). The local fundamental group scheme loc(X ) has a more explicit description as follows. Let
L(X) be the category of pairs (P; G) where G is a nite local k-group scheme and P  ! X is a
G-torsor. Then the category L(X ) is coltered and the projective limit
lim  
(P;G)2L(X )
(P; G)
exists and the underlying group scheme of the limit is canonically isomorphic to loc(X ).
4.1.2 Tame part of the local fundamental group scheme
Let X be a reduced algebraic stack of nite type over an algebraically closed eld k of characteristic
p > 0. Let loc(X ) be the local fundamental group scheme of X . As k is algebraically closed of
characteristic p > 0, a nite local group scheme G over k is linearly reductive if and only if it is
diagonalizable, i.e. G ' Diag(A) for some abelian p-group A (cf. Theorem 3.1.1). Therefore, the
isomorphism class of the maximal linearly reductive quotient of loc(X ) is determined completely
by the p-primary torsion subgroup of the group X(loc(X )) = Hom(loc(X );Gm) of characters of
the local fundamental group scheme loc(X ), which can be calculated as follows
X(loc(X ))[p1] = lim !
m>0
Homk(
loc(X ); pm) '  ! lim !
m>0
H1fppf(X ; pm):
Hence, we have seen the following.
Proposition 4.1.4. If k is an algebraically closed eld of characteristic p > 0 and X is a reduced
algebraic stack of nite type over k, then there exists a canonical isomorphism:
loc(X )lin:red ' lim  
m>0
Diag(H1fppf(X ; pm)):
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Corollary 4.1.5. Let X be a proper smooth connected curve over an algebraically closed eld
of characteristic p > 0 with p-rank  and ; 6= U  X a nonempty open subscheme of X with
n = #(X n U)  0. Then we have the following.
loc(U)lin:red '
(
Diag((Qp=Zp)) if n = 0,
Diag((Qp=Zp)+n 1) if n > 0:
Proof. This follows from Proposition 4.1.4 together with Lemma 3.2.2.
4.1.3 A purely inseparable analogue of the Abhyankar conjecture
Let k be an algebraically closed eld of positive characteristic p > 0. Let X be a projective smooth
curve over k with genus g  0 and p-rank . Let U be a nonempty open subscheme of X with
n
def
= #(X n U) > 0. The scheme U is then an ane smooth curve over k.
Denition 4.1.6. Let locA (U) denote the set of isomorphism classes of nite local k-group schemes
G which admits a surjective homomorphism
loc(U) // // G:
For a nite local k-group scheme G, by G 2 locA (U), we mean the isomorphism class of G belongs
to locA (U).
We rst give a necessary condition for a nite local k-group scheme G to belong to this set
locA (U).
Proposition 4.1.7. For any nite local k-group scheme G, if G 2 locA (U), then there exists an
injective homomorphism
X(G) 
 // (Qp=Zp)+n 1:
Proof. The statement is an immediate consequence of Corollary 4.1.5.
Then, the following question naturally arises, which we call the purely inseparable analogue of
the Abhyankar conjecture (cf. Theorem 1.1.11).
Conjecture 4.1.8. Let X be a projective smooth curve over an algebraically closed eld k of
characteristic p > 0 with p-rank . Let U  X be a nonempty open subset of X with n def=
#(X n U)  0. Suppose n > 0, or equivalently, U is ane. Then a nite local k-group scheme
G belongs to the set locA (U) if and only if the group X(G) of characters of G is embeddable as a
subgroup into the p-divisible group (Qp=Zp)+n 1.
Remark 4.1.9. Let X be a reduced algebraic stack over an algebraically closed eld k of char-
acteristic p > 0 and loc(X ) the local fundamental group scheme of X=k. We can identify the
local fundamental gerbe locX=k with the classifying stack Bkloc(X ) (cf. Corollary 4.1.3). Suppose
given a k-homomorphism loc(X )  ! G to a nite local k-group scheme G and the corresponding
G-torsor P  ! X . Then, under the assumption that k is an algebraically closed eld, the following
conditions are equivalent.
(a) The homomorphism loc(X )  ! G is surjective.
(b) The corresponding morphism locX=k = Bkloc(X )  ! BkG is Nori-reduced.
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(c) There exists no strict closed subgroup scheme H ( G such that the G-torsor P  ! X is
reduced to an H-torsor Q  ! X , i.e. P ' IndGH(Q).
(d) If we denote by E1(P) the image of the regular representation of G in D1(X ) under the
restriction functor Rep(G)  ! Rep(loc(X )) ' D1(X ) (cf. Theorem 4.1.1), then
dimk HomD1(X )(1; E1(P)) = 1:
4.1.4 Evidence I: The nilpotent case
As a rst step, we show that Conjecture 4.1.8 is true in the nilpotent case.
Proposition 4.1.10. With the same notation as in Conjecture 4.1.8, a nite local nilpotent k-
group scheme G belongs to the set locA (U) if and only if there exists an injective homomorphism
X(G) ,! (Qp=Zp)+n 1.
Proof. First we remark on p-torsors over U . Since U is ane, one has
H1fppf(U;Ga) = H1(U;OU ) = 0:
Therefore,
H1fppf(U;p) '  (U;OU )= (U;OU )p:
On the other hand, U is an ane smooth integral curve over k, there exists a dominant morphism
U  ! A1k, whence
H1fppf(U;p) H
1
fppf(A1k; p) = p-nk  tn? _oo (4.1.1)
where t is the coordinate of A1. Furthermore, since p is simple, any nonzero element of H1fppf(U;p)
corresponds to a surjective homomorphism loc(U) p (cf. Remark 4.1.9).
Now let us prove the proposition. It suces to show the `if' part. We prove this by induction
on the order dimk k[G] = p
r (r > 0). From the assumption, G is obtained by central extensions of
p or p. If dimk k[G] = p, then G = p, or = p and the statement is immediate from (4.1.1),
or from the assumption on the group X(G) of characters. Since G is a nontrivial nilpotent group
scheme, the center Z(G) is nontrivial. Let H  Z(G) be a subgroup scheme of order p. Then we
get a central extension of nite k-group schemes:
1  ! H  ! G  ! G=H  ! 1: (4.1.2)
Since dimk k[G=H] < dimk k[G] and X(G=H)  X(G), by induction hypothesis, there exists a
surjective homomorphism
 : loc(U) // // G=H:
Since U is ane, Hqfppf(U;Ga) = 0 if q 6= 0, we have H2fpqc(U;p) = 0. On the other hand, by
Hilbert 90th theorem, H1fppf(U;Gm) = Pic(U) is divisible (cf. [67, Tag 03RN, Proof of Lemma
53.68.3]) and H2fppf(U;Gm) = Br(U) = 0, we then also have H2fppf(U; p) = 0. Therefore, we nd
that H2fppf(U;H) = 0 and the exactness of (4.1.2), noticing that H
0
fppf(U;G=H) = 0, implies that
the resulting sequence
0  ! H1fppf(U;H)  ! H1fppf(U;G)  ! H1fppf(U;G=H)  ! 0
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is an exact sequence of pointed sets (cf. [25, p. 284, Remarque 4.2.10]). Therefore, there exists a
lift  : loc(U)  ! G of  and we obtain the following commutative diagram:
0 // K //
f

loc(U)
 //


G=H // 0
0 // H // G // G=H // 0;
where K
def
= Ker(). If f is nontrivial, then it is surjective, whence so is . Thus from now on
assume f = 0. In this case, the homomorphism  factors through G=H. Thus, the central extension
(4.1.2) is trivial, i.e. G = H  (G=H). We claim that
H1fppf(U;H) ) Ker
 
Homk(
loc(U);H)! Homk(K;H)

: (4.1.3)
If the claim (4.1.3) is true, then one take a k-homomorphism g : loc(U)! H so that gjK 6= 0 and
the one (g; ) : loc(U)  ! G = H  (G=H) is surjective. The claim (4.1.3) remains to be shown.
Notice that
Homk(G=H;H) = Ker
 
Homk(
loc(U);H)! Homk(K;H)

:
Thus, if H ' p, then the claim (4.1.3) follows from dimkH1fppf(U;p) = 1. If H ' p, then the
claim (4.1.3) follows from the following inequality:
dimFp Homk(G=H; p) < dimFp Homk(G;p)   + n  1 = dimFp H1fppf(U; p):
Here, for the rst strict inequality, we need the decomposition G ' p  (G=H). This completes
the proof.
Corollary 4.1.11. Every nite local unipotent k-group scheme appears as a nite quotient of
loc(U).
Example 4.1.12. Suppose that k is of characteristic p = 2. In this case, the rst Frobenius kernel
SL2(1)
def
= Ker
 
F (1) : SL2  ! SL(1)2

of the algebraic group SL2 is nilpotent. Indeed, noticing that
SL2(1)(A) =

a b
c d
  a; b; c; d 2 A; ad  bc = 1a2 = d2 = 1; b2 = c2 = 0

for any k-algebra A, the maps
SL2(1)(A)  ! (2  2)(A);

a b
c d

7! (ab; cd); A : k-algebra
then form a k-homomorphism SL2(1) ! 2  2, which makes the following sequence
1  ! 2  ! SL2(1)  ! 2  2  ! 1 (4.1.4)
a nonsplit central extension (cf. [73, Chapter 10, Exercise 3]). In particular, SL2(1) is nilpotent.
From the facts that X(2) = Z=2Z and that any homomorphism SL2(1)  ! Gm factors through 2,
the nonsplitness of (4.1.4) deduces the condition that X(SL2(1)) = X(2  2) = 1. Therefore, by
applying Proposition 4.1.10, we can conclude that there exists a surjective homomorphism
loc(A1k) // // SL2(1):
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Remark 4.1.13.
(1) In the particular case where U = A1k, that Conjecture 4.1.8 is armative is equivalent to saying
that any nite local k-group scheme G with X(G) = 1 appears as a quotient of loc(A1k). For
example, for any integers n; r > 0, the r-th Frobenius kernel SLn(r)
def
= Ker
 
F (r) : SLn !
SL
(r)
n

of SLn gives such one, i.e. X(SLn(r)) = 1 (cf. (3) below).
(2) In general, if a nite k-group scheme G is generated by all the unipotent subgroup schemes,
then G has no characters, i.e. X(G) = 1. The author expects that the converse might be true,
namely, that X(G) = 1 if and only if G is generated by all the unipotent subgroup schemes.
(3) Let us see another example of nite local k-group scheme G with X(G) = 1. Let  be a
semisimple simply connected algebraic group over k. Then for any integer r > 0, the rth
Frobenius kernel
(r)
def
= Ker(
F (r)    ! (r)) (4.1.5)
has no nontrivial characters, i.e. X((r)) = 1 (Indeed, since  is semisimple simply connected,
any character (r)  ! Gm comes from some character of  [32, Part II, Chapter 3, 3.15,
Proposition and Remarks 2)]. However, since  is semisimple, there exist no nontrivial char-
acters of  [32, Part II, Chapter 1, 1.18 (3)]). Therefore, if Conjecture 4.1.8 is armative for
the ane line A1k, then the group scheme (r) must appear as a nite quotient of loc(A1k).
We will prove this fact is actually true (cf. Corollary 4.2.16).
(4) Moreover, if  is semisimple simply connected algebraic group over k, then one can prove
that the rst Frobenius kernel (1) is generated by all the unipotent subgroup schemes of it.
Indeed, x a maximal torus T < . Let R be the root system. Choose a positive system
R+  R and denote by S the corresponding set of simple roots ( [32, Part II, Chapter 1, 1.5]).
We denote by U+ (respectively U ) the unipotent radical corresponding to the positive roots
(respectively the negative roots). By [32, Part II, Chapter 3, 3.2 Lemma], it suces to show
that T(1)  hU(1)i. Since  is simply connected, we have
(_)2S :
Y
2S
Gm
'  ! T
(cf. [32, Part II, Chapter 1, 1.6 (4)]), where the _ are dual roots. Hence, we are reduced to
show that _(p)  hU(1)i for any  2 S. For this, we may assume that  = SL2. In this
case, we have dim k[SL2(1)] = p
3 and dim k[U(1)] = p, whence p
2  dim k[hU(1)i]  p3. For the
equality SL2(1) = hU(1)i, it suces to show dim k[hU(1)i] = p3. However, again by [32, Part II,
Chapter 3, 3.2 Lemma], there exists a surjective k-algebra homomorphism k[SL2(1)] k[U+(1)
U (1)]. This factors through k[hU(1)i] and the resulting algebra map  : k[hU(1)i]! k[U+(1)U (1)]
is then surjective. The map  is not an isomorphism because U+(1)  U (1) is not a subgroup
scheme of SL2(1) but hU(1)i is. Therefore, we have dim k[hU(1)i] > dim k[U+(1)  U (1)] = p2.
Then we must have dim k[hU(1)i] = p3, which implies that SL2(1) = hU(1)i. This completes the
proof.
Remark 4.1.14. Let A be a k-algebra where k is a eld of characteristic p > 0. Recall that for an
integer n > 0, the rth Frobenius twist A(r) of the k-algebra A is dened to be
A(r) = A
k;F r k;
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where F is the absolute Frobenius of k. If A is dened over Fq with q = pr, i.e. A = A0 
Fq k for
some Fq-algebra A0, then there exists a canonical isomorphism of k-algebras
A(r) ' A;
which is given by
A(r) = (A0 
Fq k)
k;F r k = A0 
Fq k = A:
Here, the second identication is valid thanks to the commutativity of the diagram
k
F r // k
Fq
F r
OO
Fq
OO
If k is perfect, then the same argument tells us that A( r) = A as a k-algebra if A is dened over
Fq with q = pr. If an ane group scheme G over k is dened over Fpr for some r > 0, then we can
identify the Frobenius kernels G(s) with the Frobenius kernels of G
( r), i.e.
G
( r)
(s) ' G(s)
for any integer s > 0.
4.2 Torsors coming from the Frobenius of algebraic groups
4.2.1 Framework: SL2 in characteristic p = 2
Let k be an algebraically closed eld of characteristic p > 0 and U a smooth ane curve over k. Let
 be an ane algebraic group over k. Note that for each integer r > 0, the rth relative Frobenius
morphism F (r) : ( r)  !  gives a Nori-reduced ( r)(r) -torsor over , whence a Nori-reduced
(r)-torsor over  if  is dened over Fpr (cf. Remark 4.1.14). In this subsection, motivated by
Conjecture 4.1.8, we consider the following question:
Question 4.2.1. Fix an integer r > 0.
(1) Does there exist any k-morphism f : U  !  so that the (r)-torsor f( r)  ! U dened
by the following Cartesian diagram is Nori-reduced?
f( r)

//

( r)
F (r)

U
f
// :
(2) Furthermore, if exists, for which k-morphism f : U  ! , is the resulting (r)-torsor
f( r)  ! U Nori-reduced?
Let us begin with dealing with the Frobenius twists. The following lemma particularly implies
that if  is dened over Fp, we can reduce Question 4.2.1 to the case where r = 1.
Lemma 4.2.2. Let  be an ane algebraic group over a perfect eld k of characteristic p > 0 and
f : X  !  a k-morphism from an inexible algebraic stack over k into . Fix an integer r > 0. If
f( r)  ! X is Nori-reduced, then for any integer s  1, f( sr)  ! X is Nori-reduced as well.
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Proof. Fix an integer s > 1. Let us prove that f( sr)  ! X is Nori-reduced. Consider the
following commutative diagram with all the squares 2-Cartesian,
f( sr) //

( sr) //
F (r)

Spec k

f( sr+r) //

( sr+r) //
F (sr r)

B( sr)(r) //

Spec k

X
f
//  // B( sr)(sr) // B
( sr+r)
(sr r) :
Since k is perfect, we have a 2-Cartesian diagram
X ( sr+r) ' //

X

B( sr)(r)
' // B( r)(r) ;
where the morphism X  ! B( r)(r) is the one corresponding to the torsor f( r)  ! X . This
implies that the Nori-reducedness of the morphism X  ! B( r)(r) implies that the Nori-reducedness
of the morphism X ( sr+r)  ! B( sr)(r) , which must factors through f( sr+r),
X ( sr+r) //
F (sr r)
%%KK
KKK
KKK
KKK
KKK
K
''
f( sr+r) //

( sr+r) //
F (sr r)

B( sr)(r)

X
f
//  // B( sr)(sr) :
Therefore, the composition X f  !   ! B( sr)(sr) must be Nori-reduced as desired. This completes
the proof.
Next let us see a basic example. The following proposition gives a complete answer to Question
4.2.1 for the pairs (U;) = (A1k;Gna ) (n  1).
Proposition 4.2.3. Suppose that k is of characteristic p > 0 and n > 0 an integer. Let
f = (fi(t)) 2 k[t]n = Mork
 
A1k;Gna

be a k-morphism A1k ! Gna . We dene the np -torsor Pf over A1k by the pulling back of the relative
Frobenius morphism F (1) : G( 1)a
n  ! Gna , i.e. Pf def= fG( 1)a
n
. Then Pf is Nori-reduced if
and only if the images fi(t) ( 1  i  n) in H1fppf(A1k; p) = k[t]=k[tp] are linearly independent over
k.
Proof. We will show this by induction on n > 0. In the case where n = 1, then since p is simple, the
assertion is obvious. From now on assume that n > 1 and that dimkhfi(t) j 1  i  n  1ik = n  1.
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Put f 0 := (f1(t); : : : ; fn 1(t)). Then Pf 0 is an n 1p -torsor over A1k. We denote by  and 0
the homomorphism loc(A1k)  ! np corresponding to Pf and the one loc(A1k)  ! n 1p to Pf 0 ,
respectively. From the assumption, 0 is surjection. Let K def= Ker(0). We then obtain the following
commutative diagram:
0 // K //
 

loc(A1k)
0 //


n 1p // 0
0 // p // 
n
p
prn
dd
// n 1p // 0:
Then we have
 : surjective ()  6= 1
() prn   2 Hom(loc(A1k); p) n 0Hom(n 1p ; p)
() fn(t) 2 (k[t]=k[tp]) n hf1(t); : : : ; fn 1(t)ik
() dimkhfi(t) j 1  i  nik = n:
This completes the proof.
As we have already seen in Example 4.1.12, in the case where k is of characteristic p = 2, there
exists a Nori-reduced SL2(1)-torsor P  ! A1k. On the other hand, since H1fppf(A1k;GL2) = 0 and the
map H0fppf(A1k;GL2)  ! H0fppf(A1k;Gm) = k is surjective, we have H1fppf(A1k; SL2) = 0, whence
H1fppf(A1k; SL2(1)) ' SL2(k[t2])nSL2(k[t]):
Therefore, such a torsor P  ! A1k must be obtained by the pulling back of the relative Frobenius
morphism F (1) : SL
( 1)
2  ! SL2 along some k-morphism f : A1k  ! SL2,
P

//

SL
( 1)
2
F (1)

A1k
f // SL2:
Hence, by Proposition 4.1.10 and Example 4.1.12, combined with Lemma 4.2.2, we can obtain an
armative answer to Question 4.2.1(1) for the pair (U;) = (A1k; SL2) in the case where p = 2. As
a consequence of it, we have the following.
Corollary 4.2.4. Suppose p = 2. Then there exists a surjective homomorphism
loc(A1k) // // lim  r>0 SL
( r)
2(r) :
In particular, for any integer r > 0, there exists a surjective homomorphism
loc(A1k) // // SL2(r):
Here, note that since SL2 is dened over Fp, we can identify SL
( r)
2(r) = SL2(r) (cf. Remark 4.1.14).
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Next, we will consider Question 4.2.1(2) to the pair (U;) = (A1k;SL2) in the case where k is of
characteristic p = 2 and will give an answer (cf. Corollary 4.2.10). Recall that the Nori-reducedness
of a nite etale torsor P  ! U depends only on the underlying scheme of it. In fact, it is Nori-
reduced if and only if it is (geometrically) connected (cf. [76, Lemma 2.3]). One of diculties of our
problem is that the Nori-reducedness of a local torsor, in contrary to etale case, depends also on
the multiplicative structure of the underlying group scheme. The following example indicates such
a situation.
Example 4.2.5. Let l be a prime number with l 6= p. We dene the k-morphism f : Gm  ! Gm
Gm by a 7! (a; al). We dene the one g : Gm  ! GaGm as the composition Gm f  ! GmGm 
GaGm. Then the underlying schemes of the torsors f(G( 1)m G( 1)m ) and g(G( 1)a G( 1)m ) are
isomorphic to each other. However, the former is not Nori-reduced, but the latter is.
Hence, it seems to be dicult to obtain a concise characterization of the Nori-reducedness of
nite local torsors purely in terms of torsors. To avoid this problem, we will rely on the tannakian
interpretation of the local fundamental group scheme loc(X ) (cf. Remark 4.1.9(d)). By virtue of
Lemma 4.2.2, the subcategory D1(X ) is large enough for our purpose.
If G is a nite local k-group scheme of height one, i.e. G(1) = G, then for any homomorphism
 : loc(X )  ! G, the restriction functor
 : Rep(G)  ! Rep(loc(X )) '  ! D1(X )
factors through the tannakian subcategory D1(X ). Let us consider the resulting functor
 : Rep(G)  ! D1(X ); (4.2.1)
which we still denote by . As we have already seen in Remark 4.1.9(d), the homomorphism  is
surjective if and only if the condition
dimk HomD1(X )(1; 
(k[G]; reg)) = 1 (4.2.2)
holds, where 1 = (OX ; k; id)1i=0 is a unit object of D1(X ).
Remark 4.2.6. With the same notation as above, since (k[G]; reg) is an algebra object in D1(X ),
it admits a morphism from the unit object 1  ! (k[G]; reg) corresponding to the unit element of
the algebra. Thus the dimension of the vector space HomD1(X )(1; 
(k[G]; reg)) is always greater
than or equal to 1.
If  : P  ! X is the G-torsor corresponding to the homomorphism  : loc(X )  ! G, then one
can describe the object E1(P) def= (k[G]; reg) as follows (cf. [22, Construction 4.1]). We dene the
vector bundle F 2 Vect(X ) by
F def= (OP 
 k[G])G;
where G acts on OP 
 k[G] by
(P G)G 3 ((p; h); g) 7! (p  g 1; h  g) 2 P G:
We dene the isomorphism
 : F F '  ! OX 
 k[G] (4.2.3)
in the following way. Since G is of height one, the torsor F P is trivial and admits a canonical
section F P  (F P)red = X . The isomorphism  is the one corresponding to this section, which
is induced by the composition
F OP  ! F OP 
 k[G]  ! (F OP)red 
 k[G] = OX 
 k[G]:
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Here, the rst morphism comes from the Frobenius pullback of the coaction OP  ! OP 
k[G]. We
then have
E1(P) = (k[G]; reg) = (F ; k[G]; ): (4.2.4)
Note that (k[G]; reg) is a G-torsor object in Rep(G) and the functor 
 is a tensor functor, hence
(k[G]; reg) gives a G-torsor object in D1(X ).
Example 4.2.7. Let m > 0 be an integer and f : Gm ! Gm a k-morphism dened by a 7! am.
Let E1(P ) = (F ; k[p]; ) with P def= fG( 1)m a p = Spec k[z]=(zp   1)-torsor. Then
F =

k[x; x 1; y]
(yp   xm) 

k[z]
(zp   1)
p
=
p 1M
j=0
k[x; x 1]  (yz)j :
Therefore, the representation matrix A 2 GLp(k[x1]) of  with respect to the basis fyzj j 0  j 
p  1g and fzj j 0  j  p  1g is given by the diagonal matrix:
A =
0BB@
1 0    0
0 xm    0
     
0 0    xm(p 1)
1CCA :
A direct computation then recover the following well-understood result.
HomD1(Gm)(1; E1(P )) '
(
k; if p - m;
k[p]; if p j m:
Example 4.2.8. Let n > 0 be an integer and f = (fi(x)) 2 k[x]n = Mork(A1k;Gna ) a k-
morphism (cf. Proposition 4.2.3). Let E1(P ) = (F ; k[p]; ) with
P
def
= fG( 1)na = Spec
k[x; yi (1  i  n)]
(ypi   fi(x) (1  i  n))
an np = Spec k[zi(1  i  n)]=(zpi (1  i  n))-torsor. Then
F =
M
0j1;:::;jnp 1
k[x]  (y1 + z1)j1    (yn + zn)jn :
The representation matrix A 2 GLpn(k[x]) of  with respect to the basis
f(y1 + z1)j1    (yn + zn)jng; fz1j1    znjng
is unipotent and, by a direct computation, one can verify that the condition that ffi(x)gni=1 
k[x]=k[xp] is linearly independent over k is equivalent to the condition that
dimk HomD1(A1k)(1; E1(P )) = 1;
which gives another proof of Proposition 4.2.3.
Now let us prove the main result of this subsection.
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Theorem 4.2.9. Suppose p = 2. Let
f =

f22(x)x
 m  f12(x)x m
 f21(x)x m f11(x)x m

2 GL2(k[x1]) = Mork(Gm;GL2)
be a k-morphism with fij(x) 2 k[x] (1  i; j  2) and
det

f11(x) f12(x)
f21(x) f22(x)

= xm
for some m 2 Z0. Let P def= fGL( 1)2 be the resulting torsor over Gm.
(1) In the case 2 j m, assume that one of the following conditions is satised:
 dimkhf11; f21i = dimkhf11f21; f12f22i = 2;
 dimkhf12; f22i = dimkhf11f21; f12f22i = 2.
Then we have:
HomD1(Gm)(1; E1(P )) ' k[2]:
(2) In the case 2 - m, assume that one of the following conditions is satised:
 dimkhf11; f21i = dimkhf11f21; f12f22i = 2, dimkhf11f12; f21f22; xmi = 3;
 dimkhf12; f22i = dimkhf11f21; f12f22i = 2, dimkhf11f12; f21f22; xmi = 3
Then we have:
HomD1(Gm)(1; E1(P )) = k:
Here, for each f 2 k[x], f denotes by the image of f in k[x]=k[xp].
Proof. Let E1(P ) = (F ; k[GL2(1)]; ). Let  : P  ! Gm be the structure morphism. We then have
OP =
k[x1; yij (i; j = 1; 2)]
(y211   f22(x)x m; y212   f12(x)x m; y221   f21(x)x m; y222   f11(x)x m)
:
Let P (respectively 0) be the coaction OP ! OP 
 k[GL2(1)] induced by the action P 
GL2(1) ! P (respectively the one by the trivial action). Let  the antipode of k[GL2(1)]. Then the
composition
OP 
 k[GL2(1)] 
id   ! OP 
 k[GL2(1)]
 k[GL2(1)]
id

id     ! OP 
 k[GL2(1)]
 k[GL2(1)] id
m   ! OP 
 k[GL2(1)]
(4.2.5)
gives a k[GL2(1)]-comodule isomorphism
(OP ; P )
 (k[GL2(1)]; reg) ' ! (OP ; 0)
 (k[GL2(1)]; reg): (4.2.6)
If one write k[GL2(1)] = k[zij ]=(z
2
ij   ij), then
(z11) (z12)
(z21) (z22)

=

z11 z12
z21 z22
 1
:
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Therefore, via the map (4.2.5), the element
eij
def
=
2X
q=1
yiq 
 zqj 2 OP 
 k[GL2(1)]
is mapped to yij 
 1, which belongs to 
(OP ; 0)
 (k[GL2(1)]; reg)
GL2(1)= k[x1][yij 
 1 j 1  i; j  2]:
Hence, by the equation (4.2.6), we nd that
F = k[x1][eij j 1  i; j  2]:
Notice that OGm 
 k[GL2(1)] ' k[x1]2
4
with free basis fzm1111 zm1212 zm2121 zm2222 jmij = 0; 1g.
Let A 2 GL24(k[x( 1)1]) be the representation matrix of the inverse isomorphism  1 with
respect to the basis
1; 1121; 1222; 11122122; ;
11; 12; 21; 22;
1112; 1122; 1221; 2122;
111221; 111222; 112122; 122122
for  2 fe; zg. One then obtain:
A =
0BB@
C O O O
B 
 E O B 
D
B 
B O
O B 
 x( 1)mE
1CCA ;
with
B =

f 011(x( 1)) f 021(x( 1))
f 012(x( 1)) f 022(x( 1))

; E =

1 0
0 1

;
C =
0BB@
1 f 011(x( 1))f 021(x( 1)) f 012(x( 1))f 022(x( 1)) 
0 x( 1)m 0 f 012(x( 1))f 022(x( 1))x( 1)m
0 0 x( 1)m f 011(x( 1))f 021(x( 1))x( 1)m
0 0 0 xm
1CCA ;
D =

0 f 012(x( 1))f 022(x( 1))
f 011(x( 1))f 021(x( 1)) 0

;
where ff 0ij(x( 1))g is dened by:
f 0ij(x
( 1))2 = fij(x):
Here, notice that x( 1)2 = x and that detB = x( 1)m. Furthermore, the assumption on ffij(x)g
implies the same condition on ff 0ij(x( 1))g.
Now one can reduce the problem to calculating the right hand side of the following equation:
HomD1(Gm)(1; E1(P )) '

(a; b) 2 k24  k[x1]24 A  a = b	:
First we consider the case where 2 j m. In this case, without loss of generality, we may assume
that m = 0. Note that the condition that det(fij(x)) = 1 implies that the set
ff11f12; f21f22g
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is also linearly independent over k. Indeed, this follows from the equation:
f11f12
f21f22

=

f212 f
2
11
f222 f
2
21

f11f21
f12f22

:
We will solve the simultaneous equations A  a = b from the bottom. Then the condition that the
set ff 011; f 021g, or ff 012; f 022g is linearly independent implies that
ai = 0 (13  i  16):
Moreover, the conditions that ff 011f 012; f 021f 022g is linearly independent and that detB = f 011f 022  
f 012f 021 = 1 imply that
ai = 0 (i = 9; 12);
a10 = a11:
By solving the equations 
C O
O B 
 E

;
again combined with the assumption on f 0ij , we have
ai = 0 (2  i  8):
All the above computations then imply
HomD1(Gm)(1; E1(P )) ' k  k  det(zij) ' k[2]:
Finally, let us consider the case where 2 - m. In this case, the equations in the part B
x( 1)mE
cannot imply ai = 0 (13  i  16). However, by solving the simultaneous equations 
O B 
 E O B 
D a = b;
we can conclude that
ai = 0 (5  i  8 or 13  i  16):
Next let us solve the part C. Notice that fx( 1)m; f 011f 021x( 1)mg is linearly independent over
k. Thus we nd that a4 = 0. On the other hand, by the assumption that ff 011f 021; f 012f 022g is
linearly independent, we also have a2 = a3 = 0. Finally let us solve the part B 
 B. Then the
condition that f 011f 021 6= 0 in k[x( 1)1]=k[x( 1)2] implies that a10 = a11. Then the condition
that ff11f12; f21f22; xmg is linearly independent over k implies that a9 = a10 = a11 = a12 = 0.
Therefore, we can conclude that
HomD1(Gm)(1; E1(P )) = k:
As an immediate consequence of Theorem 4.2.9 (or its proof), we have:
Corollary 4.2.10. Suppose p = 2. Let
f =

f22(x) f12(x)
f21(x) f11(x)

2 SL2(k[x]) = Mork(A1k;SL2)
be a k-morphism. Then the resulting SL2(1)-torsor f
SL( 1)2  ! A1k is Nori-reduced if and only if
one of the following conditions is satised:
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 dimkhf11; f21i = dimkhf11f21; f12f22i = 2;
 dimkhf12; f22i = dimkhf11f21; f12f22i = 2.
Proof. By considering the composition
Gm 
 // A1k
f
// SL2
  // GL2;
we are reduced to the case where f : Gm ! GL2 with det(f) = 1. Thus the statement follows from
the argument in the proof of Theorem 4.2.9, noticing that the condition that
dimk HomD1(Gm)(1; E1(P )) = 2
implies the image of the homomorphism loc(Gm)  ! GL2(1) corresponding to the torsor P =
fGL( 1)2  ! Gm coincides with SL2(1).
Remark 4.2.11. For example, the embedding
A1k 3 a 7!

1 + a2 + a3 a
a+ a2 1

2 SL2
satises the condition in Corollary 4.2.10.
Combined with Lemma 4.2.2, Theorem 4.2.9 also implies:
Corollary 4.2.12. Suppose p = 2. Then, there exists a surjective homomorphism
loc(Gm) // // lim  r>0GL
( r)
2(r) :
In particular, for any r > 0, the rth Frobenius kernel GL2(r) ' GL( r)2(r) appears as a nite quotient
of loc(Gm).
Proof. It suces to nd a k-morphism f 2 GL2(k[x1]) = Mork(Gm;GL2) satisfying the condition
of Theorem 4.2.9. The morphism
Gm 3 a 7!

1
a +
1
a4
1
a2
1 1a

2 GL2
gives such one.
Remark 4.2.13. (1) Corollary 4.2.10, combined with Lemma 4.2.2, gives an answer to Question
4.2.1(2) for the pair (U;) = (A1k; SL2).
(2) Theorem 4.2.9 and the proof of Corollary 4.2.12, combined with Lemma 4.2.2, gives an armative
answer to Question 4.2.1(1) for the pair (U;) = (Gm;GL2) in the case where k is of characteristic
p = 2. Furthermore, since X(GL2(r)) = Z=2rZ  Q2=Z2 (Note that the rst equality follows from
the exactness of 1 ! SL2(r) ! GL2(r) ! pr ! 1 and X(SL2(r)) = 1), Corollary 4.2.12 gives an
evidence of Conjecture 4.1.8 for Gm and for GL2(r) (r > 0) in the case where k is of characteristic
p = 2. However, we have restricted our attension to a special class of k-morphisms Gm ! GL2, so
it is not enough to give a complete answer to Question 4.2.1(2).
101
4.2.2 Evidence II: Semisimple simply connected algebraic groups
Finally let us prove a purely inseparable analogue of a Bertini type theorem (cf. [33]). As an
application, we will give an armative answer to Question 4.2.1(1) for the pair (A1k;) with  a
semisimple simply connected algebraic group over k. This gives an evidence of Conjecture 4.1.8 for
the ane line A1k, which is a purely inseparable analogue of Nori's theorem (cf. Theorem 1.1.17).
Theorem 4.2.14. Let n  2 be an integer. Let k be an algebraically closed eld of positive
characteristic p > 0. Let G be a nite local k-group scheme of height one and  : P  ! Ank be a
Nori-reduced G-torsor. Then there exists a closed immersion
 : An 1k
  // Ank
such that the G-torsor P  ! An 1k obtained by pulling back P along  is Nori-reduced as well.
To prove this theorem, we will rely on the tannakian interpretation (cf. Remark 4.1.9(d)) again.
Then we are reduced to showing the following lemma of linear algebras.
Lemma 4.2.15. Let n  2 be an integer. Let k be a perfect eld of positive characteristic p > 0.
Let V1; : : : ; Vm  k[x1; : : : ; xn]=k[xp1; : : : ; xpn] be nite dimensional subspaces. Then there exists a
polynomial g = g(x1; : : : ; xn 1) so that the k-linear map
k[x1; : : : ; xn]=k[x
p
1; : : : ; x
p
n]! k[x1; : : : ; xn 1]=k[xp1; : : : ; xpn 1];
xi 7!
(
xi; 1  i  n  1;
g(x1; : : : ; xn 1); i = n
maps all the subspaces Vi injectively into k[x1; : : : ; xn 1]=k[x
p
1; : : : ; x
p
n 1].
Proof. By considering V := V1+   +Vm, we are reduced to the case where m = 1. Let V be a nite
dimensional subspace of k[x1; : : : ; xn]=k[x
p
1; : : : ; x
p
n]. Without loss of generality, we may assume that
V is of the form
V = hxm11   xmnn j 0  mi  d; p - mi for some ii
for a suciently large integer d > 0. Take an integer M > d with p -M and an integer N > 0 with
pN > d(M + 1). Let us dene
g
def
=
n 1Y
i=1
(xp
N
i + x
M
i ):
Note that the following subset of k[x1; : : : ; xn 1]=k[x
p
1; : : : ; x
p
n 1] is linearly independent over k:
xm11   xmn 1n 1 (0  mi  d;mn = 0; p - mi for some 1  i  n  1);
n 1Y
i=1
xmi+mnMi (p j mi for any 1  i  n  1, whence p - mn);
n 1Y
i=1
xmi+mnp
N
i (0  mi  d; mn 6= 0; p - mi for some 1  i  n  1):
One can then conclude that the polynomial g gives a desired polynomial.
Proof of Theorem 4.2.14. We will show that there exists a closed immersion  : An 1k ,! Ank such
that
dimk HomD1(An 1k )(1; E1(
P )) = 1:
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Note that E1(P ) = (E1(P )) and that, from the assumption, we have
dimk HomD1(Ank )(1; E1(P )) = 1: (4.2.7)
Let E1(P ) = (F ; k[G]; ). By Serre's conjecture on vector bundles on an ane space (cf. [36]), the
vector bundle F is a free OAnk -module. Let
A 2 GLq(k[x( 1)1 ; : : : ; x( 1)n ])
with q = dimk k[G], which is some power of p, be the representation matrix of 
 1 with respect to
some basis. The assumption (4.2.7) then amounts to saying that the vector space
HomD1(Ank )(1; E1(P )) ' fa 2 k
q jA  a 2 k[x1; : : : ; xn]qg
is of dimension one. Then, by permuting basis if necessary, we may assume that
fa 2 kq jA  a 2 k[x1; : : : ; xn]qg =
(0BBB@
a
0
...
0
1CCCA
a 2 k
)
:
Then, the matrix A has the following form:
A =
0BBB@
a11     
a21     
...
. . .
aq1     
1CCCA with ai1 2 k[x1; : : : ; xn] (1  i  q):
Let us write
B
def
=
0@a12    a1q  
aq2    aqq
1A :
Then the condition that dimk HomD1(A1k)(1; E1(P )) = 1 is equivalent to the condition that
B  b 62 k[x1; : : : ; xn]q (0 6= b 2 kq 1):
Therefore, we are reduced to showing the following statement: if a matrix
B = (bij) 2 Matrixs;t(k[x( 1)1 ; : : : ; x( 1)n ])
satises the condition
B  b 62 k[x1; : : : ; xn]t (0 6= b 2 ks);
then there exists a polynomial g = g(x
( 1)
1 ; : : : ; x
( 1)
n 1 ) such that the condition
B0  b 62 k[x1; : : : ; xn 1]t (0 6= b 2 ks);
is fullled. Here B0 = (b0ij) is a matrix with b
0
ij = bij(x
( 1)
1 ; : : : ; x
( 1)
n 1 ; g). Indeed, by applying
Lemma 4.2.15 to the subspaces
Vi
def
= hbi1; : : : ; bisi  k[x( 1)1 ; : : : ; x( 1)n ]=k[x1; : : : ; xn] (1  i  t);
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we can nd a polynomial g = g(x
( 1)
1 ; : : : ; x
( 1)
n 1 ) so that the homomorphism
k[x
( 1)
1 ; : : : ; x
( 1)
n ]=k[x1; : : : ; xn]! k[x( 1)1 ; : : : ; x( 1)n 1 ]=k[x1; : : : ; xn 1]
induced by x
( 1)
n 7! g(x( 1)1 ; : : : ; x( 1)n 1 ) maps all the subspaces Vi injectively into
k[x
( 1)
1 ; : : : ; x
( 1)
n 1 ]=k[x1; : : : ; xn 1]:
Then for any b 2 ks, the condition that B0  b 2 k[x1; : : : ; xn 1]t implies the condition that
B  b 2 k[x1; : : : ; xn]t. This completes the proof.
Corollary 4.2.16. Let k be an algebraically closed eld of positive characteristic p > 0. Let  be a
semisimple simply connected algebraic group over k. Then there exists a surjective homomorphism
loc(A1k) // // lim  r>0
( r)
(r) :
In particular, for any r > 0, the rth Frobenius kernel 
( r)
(r) of  appears as a nite quotient of
loc(A1k). Therefore, the rth Frobenius kernels (r) of  appear as a nite quotient of loc(A1k).
Proof. The last statement is a consequence of the previous one because the ane line A1k is dened
over Fp. We will adopt the argument of [66, Section 3.2]. Let us nd a k-morphism A1k  !  so
that all the resulting torsors in the tower
: : :  ! ( r)jA1k  ! : : :  ! 
( 1)jA1k  ! A
1
k
are Nori-reduced. By virtue of Lemma 4.2.2, it suces to nd a k-morphism A1k  !  so that
( 1)jA1k is Nori-reduced. Fix a maximal torus T <  and a set of positive roots. Let U
+ < 
(respectively U  < ) be the unipotent radical corresponding to the positive roots (respectively
the negative roots). Let us dene a k-morphism f : U+  U   !  by the composition
U+  U    //   m // :
Here the rst map is the natural inclusion and the second one the multiplication of . Then the
pulling-back P
def
= f denes a Nori-reduced (1)-torsor over U+  U . Indeed, notice that the
diagram
U( 1)
F (1)

  // ( 1)
F (1)

U 
 i // U+  U  f // 
commutes. Then the (1)-torsor i
P  ! U is reduced to the Nori-reduced U(1)-torsor U( 1)  !
U, i.e.
iP ' Ind
(1)
U
(1)
(U( 1)) def= U( 1) U(1) (1):
If we denote by  : loc(U+  U )  ! (1) (respectively   : loc(U)  ! U(1)) the homomor-
phism corresponding to the torsor P (respectively iP ), this amounts to saying that the diagram
homomorphism
loc(U) //
 

loc(U+  U )


U(1)
  // (1)
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commutes. Therefore, Im()  U(1), whence Im() = hU(1)i = (1), where, for the last equality, see
Remark 4.1.13(4). Therefore, P is a Nori-reduced (1)-torsor over U
+U  ' ANk for some N > 1.
Then by applying Theorem 4.2.14, we can conclude that there exists a closed immersion
 : A1k
  // U+  U 
so that P  ! A1k is Nori-reduced as well. Therefore, the k-morphism f   : A1k  !  gives a
desired one. This completes the proof.
4.2.3 Evidence III: The general linear algebraic groups GLn
Let k be an algebraically closed eld of characteristic p > 0. The goal of this section is the following.
Theorem 4.2.17. For any integer n  1, there exists a surjective homomorphism
loc(Gm;k) // // lim  r>0GL
( r)
n(r) :
Therefore, for any r > 0, the rth Frobenius kernel GLn(r) ' GL( r)n(r) appears as a quotient of
loc(Gm;k).
Here, the isomorphisms GLn(r) ' GL( r)n(r) are valid because the algebraic group GLn is dened
over Fp. Let us prove Theorem 4.2.17. By virtue of Lemma 4.2.2, it suces to nd a k-morphism
Gm;k  ! GLn which preserves the Nori-reducedness of the rst relative Frobenius homomorphism
F (1) : GL
( 1)
n  ! GLn.
Lemma 4.2.18. With the same notation as in Theorem 4.2.17, there exists a closed immersion
 : Z
def
= An
2 n
k Gm;k 
 // GLn
such that the GLn(1)-torsor 
GL( 1)n  ! Z is Nori-reduced.
Proof. Let T  GLn be the maximal torus which consists of diagonal matrices. We can naturally
identify T = Gnm;k. Let  be the root system with respect to T and denote by U+ (respectively U )
the unipotent radical corresponding to the positive roots (respectively the negative roots). Note
that U+  U  ' An2 nk as a k-scheme. Let i : U ,! GLn denote the natural inclusions. Let
j : Gm;k ,! GLn denote the closed embedding corresponding to the rst component of the maximal
torus T = Gnm;k  GLn. We claim that the closed immersion
 : Z
def
= U+ Gm;k  U  (i
+;j;i )     ! GLn GLn GLn multiplication        ! GLn
gives a desired one.
Let h = Lie(T ), n = Lie(U) and h1  h denote the subalgebra corresponding to j : Gm ,! T .
Then, we have h1 6 sln = hn+; n i and dimk gln = dimk sln + 1. Therefore, gln = h1 + n+ + n ,
which implies that GLn(1) = hU+( 1)(1) ; j( 1)(p); U
 ( 1)
(1) i. Hence, since the local fundamental group
scheme does not depend on the choice of a base point, by the same argument as in the proof
of [52, Corollary 4.19], we can conclude that the above morphism  gives a desired embedding.
Therefore, to prove Theorem 4.2.17, it suces to show the following, which is a variant of
Theorem 4.2.14.
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Lemma 4.2.19. Let n  1 be an integer. Let G be a nite local k-group scheme of height one.
Suppose given a Nori-reduced G-torsor P ! Ank  Gm;k. Then there exists a closed immersion
 : An 1k Gm ,! Ank Gm;k such that the pullback P ! An 1k Gm;k of the torsor P along  is
Nori-reduced as well.
Proof. Since any vector bundle on Ank  Gm;k is trivial (cf. [36]), by the same argument as in the
proof of Theorem 4.2.14, it is enough to show the following lemma.
Lemma 4.2.20. Let n  1 be an integer. Let V  k[x10 ; x1; : : : ; xn]=k[xp0 ; xp1; : : : ; xpn] be a nite
dimensional vector space. Then there exists an element f(x0; x1; : : : ; xn 1) 2 k[x10 ; x1; : : : ; xn 1]
such that the k-linear map dened by the equation xn = f(x0; x1; : : : ; xn 1),
k[x10 ; x1; : : : ; xn]=k[x
p
0 ; x
p
1; : : : ; x
p
n]  ! k[x10 ; x1; : : : ; xn 1]=k[xp0 ; xp1; : : : ; xpn 1];
is injective on V .
Proof. We may assume that
V =

xm00 x
m1
1   xmnn
 m0 2 Z; mi 2 Z0 (1  i  n);0  jmij  d; p - mi for some i

for some integer d > 0. Take an integerM > d with p -M and an integer N > 0 with pN > d(M+1).
Then, as in the proof of Lemma 4.2.15, it suces to choose a desired f to be
f
def
=
 
xp
N
0 +
1
xp
N
0
+ xM0 +
1
xM0
 n 1Y
i=1
(xp
N
i + x
M
i ):
Indeed, the following elements
xm00   xmn 1n 1 (mn = 0; p - mi for some 0  i  n  1);
n 1Y
i=0
xmi+mnMi (p j mi for any 0  i  n  1, whence p - mn; m0  0);
xm0 mnM0
n 1Y
i=1
xmi+mnMi (p j mi for any 0  i  n  1, whence p - mn; m0 < 0);
n 1Y
i=0
xmi+mnp
N
i (mn 6= 0; p - mi for some 0  i  n  1; m0  0)
xm0 mnp
N
0
n 1Y
i=1
xmi+mnp
N
i (mn 6= 0; p - mi for some 0  i  n  1; m0 < 0)
with jmij  d are linearly independent in k[x10 ; x1; : : : ; xn 1]=k[xp0 ; xp1; : : : ; xpn 1]. This completes
the proof.
4.3 Inverse Galois problem over root stacks: Toward an analogue
of the strong Abhyankar conjecture
4.3.1 Nori fundamental gerbes of root stacks in positive characteristic
We shall use the same notation as in x3.1.3. Let X be a geometrically connected and geometrically
reduced scheme of nite type over the spectrum S = Spec k of a eld k. Let D = (Di)i2I be a nite
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family of reduced irreducible eective Cartier divisors on X and put D = [i2IDi  X. For each
r = (ri)i2I with ri > 0, as in x3.1.3, we put
Xr = r
p
D=X:
We will always assume that k is a perfect eld k of characteristic p > 0. By denition of root stacks,
the nth Frobenius twist commutes with the root construction, 
r
p
D=X
(n)
= r
q
D(n)=X(n):
Proposition 4.3.1. Let r and r0 be two indices with r j r0.
(1) The functor  : Fdiv(Xr)  ! Fdiv(Xr0) is fully faithful and the essential image consists of
all the Frobenius divided sheaves E = (Ei; i)1i=0 with (EijG0(i) )
'  ! EijG0(i) for any i and
for any closed point  of Xr
0
, where G0 denotes the residual gerbe of Xr
0
at .
(2) The functor  : Fdiv1(Xr)  ! Fdiv1(Xr0) is fully faithful and the essential image consists of
all the object (F ; E ; ) of Fdiv1(Xr0) with (FjG0)
'  ! FjG0 and (EijG0(i) )
'  ! EijG0(i)
for any i and for any closed point  of Xr
0
.
Proof. (1) For the full faithfulness, let us begin with an observation. Let Ei (i = 1; 2) be two vector
bundles on Xr which admit Frobenius descents, i.e. there exist vector bundles E(1)i on Xr(1) together
with isomorphisms i : F
(1)E(1)i ' Ei. Suppose given an OXr-linear map  : E1  ! E2 and an
OXr(1)-linear map  : E(1)1  ! E(1)2 . Then, by Proposition 3.1.9(3), the diagram
F (1)E(1)1
1 //
F (1)

E1


F (1)E(1)2 2 // E2
is commutative if and only if it is commutative after applying the pullback functor . Therefore,
the full faithfulness of the functor  : Fdiv(Xr)  ! Fdiv(Xr0) follows from this observation together
with Proposition 3.1.9(3).
For the description of the essential image, by virtue of Proposition 3.1.12, it suces to show
that for any vector bundle E on Xr, if E admits a Frobenius descent which is of the form (1)E(1)
for some vector bundle E(1) on Xr, the isomorphism  : F (1)(1)E(1) ' E denes a canonical
isomorphism F (1)E(1) ' E . However, since F (1)(1)E(1) = F (1)E(1), the pushforward 
denes a desired isomorphism F (1)E(1) ' E .
(2) Similarly, the assertion is a consequence of Propositions 3.1.9(3) and 3.1.12. Let us begin
with showing the full faithfulness. Fix an arbitrary integer j > 0. Let Fi (i = 1; 2) be two vector
bundles on Xr such that there exist F -divided sheaves Gi = fE(n)i ; (n)i g1n=0 on Xr together with
isomorphisms i : F
jFi '  ! GijXr = E(0)i . Suppose given an OXr-linear map  : F1  ! F2 and
a morphism  = f(n)g1n=0 : G1  ! G2 of F -divided sheaves. Then, by Proposition 3.1.9(3), the
diagram
F jF1 1 //
F j

E(0)1
(0)

F jF2
2
// E(0)2
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is commutative if and only if it is commutative after applying the pullback functor . From
the denition of Fdiv1( ) together with the full faithfulness of the functor  : Fdiv(Xr)  !
Fdiv(Xr
0
) (cf. (1)), the observation implies that the functor Fdiv1(Xr)  ! Fdiv1(Xr0) is fully
faithful.
Let us discuss on the description of the essential image. Fix an arbitrary integer j > 0. Let
(F ;G; ) be an object of Fdivj(Xr0) satisfying (FjG0)
'  ! FjG0 and (EijG0(i) )
'  ! EijG0(i)
for any i and for any closed point  of Xr
0
. From Proposition 3.1.12, we have F '  ! F in
Vect(Xr
0
). On the other hand, by (1), we also have G '  ! G in Fdiv(Xr0). The isomorphism
 : F jF '  ! GjXr0 then descends to a one  : F jF
'  ! (G)jXr , which implies that (F ;G; )
descends to an object of Fdivj(X
r). This completes the proof.
Corollary 4.3.2. Let r and r0 be two indices with r j r0. The natural morphism N
Xr
0=k ! NXr=k
is a gerbe. Moreover, for any nite k-group scheme G and any G-torsor Y 0  ! Xr0 , there exists
a G-torsor Y  ! Xr such that Y 0 ' Y Xr Xr0 if and only if for any closed point  of Xr0 , the
composition
G0  ! Xr
0 Y 0  ! BkG
factors through the gerbe G0  ! G.
Proof. For the rst assertion, we have to prove that the restriction functor
Vect(NXr=k)  ! Vect(NXr0=k)
is fully faithful and the essential image is closed under taking subquotients. By virtue of Corollary
2.2.26(2), the full faithfulness is an immediate consequence of Proposition 4.3.1. If we write NXr=k =
lim  i  i where X
r  !  i are Nori-reduced, then all the projections NXr=k  !  i are gerbes. We have
only to show that the composition u : N
Xr
0=k  ! NXr=k  !  i is a gerbe for any i. The composition
u uniquely factors through N
Xr
0  !  0i  !  i, where  i is a nite gerbe, NXr0=k  !  0i is a gerbe and
 0i  !  i is representable. Then, the full faithfulness of the functor Vect(NXr=k)  ! Vect(NXr0=k)
implies that the restriction functor Vect( i)  ! Vect( 0i) is also fully faithful, which implies that
deg  i  deg  0i. Hence, the representable morphism  0i  !  i is an isomorphism. This completes
the proof of the rst assertion.
Let us prove the last assertion. We may assume that the given G-torsor Y  ! Xr0 is Nori-
reduced. The `only if' part is obvious. Let us assume the latter condition holds. We have to
show that the corresponding fully faithful functor Vect(BG)  ! Vect(N
Xr
0=k) factors through the
tannakian subcategory Vect(NXr=k). Let v : Spec k  ! BG be a G-universal torsor. Since any object
of Vect(BG) can be embedded into a direct product of nite copies of V def= vOSpec k, it suces
to show that the image of V lies in Vect(NXr=k). For this, by Corollary 2.2.26(2) and Proposition
4.3.1, it suces to show that the image (F ; E ; ) of V in Fdiv1(Xr0) satises the condition that
(FjG0)
'  ! FjG0 and (EijG0(i) )
'  ! EijG0(i) for any i and for any closed point  of X
r0 . This
is immediate from the assumption. This completes the proof.
4.3.2 Torsors over root stacks and tamely ramied torsors
We will continue to use the same notation as in the previous subsection.
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Denition 4.3.3. Suppose given a locally Noetherian k-scheme X and an n-tuple s = (si)
n
i=1 of
regular functions si 2 H0(X;OX). A Kummer morphism associated with the data (s; r) is a nite
at k-morphism Y  ! X dened by
OY = OX [t]=(t
r   s) def=
nO
i=1
OX [ti]=(t
ri
i   si);
which has a natural action of r =
Qn
i=1 ri .
Denition 4.3.4. (cf. [11, Denition 2.2]) Let G be a nite k-group scheme. A tamely ramied G-
torsor over X with ramication data (D; r) is a scheme Y endowed with an action of G and a nite
at G-invariant morphism Y  ! X such that for any closed point x of X, there exists a monomor-
phism rx  ! G (cf. (3.1.2)) dened over an extension k0=k such that in a fppf neighbourhood of
x in X, the morphism Y  ! X is isomorphic to
(Z k k0)rx G;
where Z is the Kummer morphism associated with the data (s = (si)
n
i=1; rx), where each si is a
local equation of Di.
Theorem 4.3.5. (Biswas{Borne, cf. [11, x3]) Let Y be a scheme endowed with an action of a nite
k-group scheme G and a nite at G-invariant morphism Y  ! X. Then we have the following.
(1) If Y  ! X is a tamely ramied G-torsor with ramication data (D; r), then the morphism
Y  ! X uniquely factors through a G-torsor Y  ! rpD=X.
(2) Suppose that X is proper over k and that G is abelian. Then the converse of (1) is true.
Namely, the morphism Y  ! X factors through a G-torsor Y  ! rpD=X if and only if Y is
a tamely ramied G-torsor over X with ramication data (D; r).
Particularly, the rst result (1) indicates that a G-torsor Y  ! rpD=X over the root stack
r
p
D=X which is representable by a k-scheme gives a candidate of a tamely ramied G-torsor over
X with ramication data (D; r) in the sense of Denition 4.3.4.
Remark 4.3.6. With the above notation, suppose that X is a regular connected k-scheme, D is a
simple normal crossings divisor and G is a nite constant k-group scheme. Then, for a nite at
G-invariant morphism Y  ! X, the following are equivalent.
(a) The morphism Y  ! X is tamely ramied along D in the sense of Denition 1.1.5.
(b) The morphism Y  ! X is tamely ramied G-torsor with ramication data (D; r) for some
n-tuple r.
(c) The morphism Y  ! X uniquely factors through a G-torsor Y  ! rpD=X for some n-tuple
r.
Indeed, the implications (a)=)(b)=) (c) are immediate from Denition 4.3.4 and Theorem 4.3.5(1).
Finally, the implication (c)=)(a) can be deduced from Abhyankar's lemma (cf. Lemma 1.1.8).
Indeed, since the problem is Zariski local, without loss of generality, we may assume that [Z=r] '
r
p
D=X, where Z is a Kummer morphism. Then, we get a commutative diagram
P

//

Y

}}
Z //
##F
FF
FF
FF
FF
F
r
p
D=X

X
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with the 2-Cartesian square, where P  ! Z is a G-torsor and Z  ! rpD=X is the quotient map
Z  ! [Z=r] ' r
p
D=X. Let xi denote the generic point of the divisor Di for any i. Then, the above
commutative diagram implies that the ramication index at xi divides ri, hence it is prime-to-p.
Therefore, Y  ! X is tamely ramied above xi. Moreover, since r
p
D=X is regular (cf. Proposition
3.1.13), so is Y . Now, Abhyankar's lemma (Lemma 1.1.8) implies that the condition (a) holds.
For later use, we shall show two lemmas.
Lemma 4.3.7. Let X be a geometrically connected and geometrically reduced scheme of nite type
over an algebraically closed eld of characteristic p > 0 with D = (Di)i2I a nite family of reduced
irreducible eective Cartier divisors on X. Fix a nite family r = (ri)i2I of positive integers. Let
X
def
= r
p
D=X be the associated root stack with  : X  ! X the coarse moduli space map. Let G
be a nite abelian k-group scheme and Y  ! X a G-torsor with Y representable by a k-scheme.
Then Y is a tamely ramied G-torsor over X with ramication data (D; r).
Proof. If X is proper over k, then the lemma is nothing other than Theorem 4.3.5(2). The proof
will be done by modifying the argument in [11, x3.4]. Let  2 X be a closed point with the image x
in X. Since k is algebraically closed eld, we have k() = k. By Proposition 3.1.11(1), for a Zariski
neighbourhood of , we have X ' [Z=rx ], where Z  ! X is a rx-Kummer morphism (cf. Denition
4.3.3), hence G ' Brx . Fix an isomorphism G = Brx . Since Y is a k-scheme, the composition
of morphisms
Brx = G  ! X  ! BG
is representable, which comes from an injective homomorphism rx ,! G. Now we have two
morphisms
X
Y //
IndGrx (Z)
// BG:
Note that the second morphism given by IndGrx (Z) is nothing other than the composition
X
Z ! Brx = G  ! X Y  ! BG:
Since Z is a section of the morphism G  ! X, this implies that Y jG ' IndGrx (Z)jG . For the proof
of the lemma, we have to show that there exists a Zariski open neighbourhood U of x together with
an fppf morphism U 0  ! U such that Y and IndGrx (Z) is isomorphic to each other after restricting
to U 0.
Now let us consider the Isom sheaf Y def= IsomG(Y; IndGrx (Z)) of G-torsors on X. Then, since G
is abelian, Y gives a G-torsor over X. We have already seen that YjG  ! G is a trivial G-torsor. It
suces to show that there exists a Zariski open neighbourhood U of  such that for any closed point
0 2 jUj0, the G-torsor Y  ! X is trivial over G0 . Indeed, if it is true, then by virtue of Corollary
4.3.2, we can conclude that the torsor YjU  ! U descents along to the coarse moduli space map
U  ! U , where U is the Zariski open of X which corresponds to U. This particularly implies that
the torsor YjU  ! U can be trivialized by some fppf morphism U 0  ! U , whence the lemma.
It remains to be proven that there exists a Zariski open neighbourhood U of  such that for any
closed point 0 2 jUj0, the G-torsor Y  ! X is trivial over G0 . Let us consider the composition of
tensor functors
Vect(BG) h
def
= Y     ! Fdiv1(X)
( )jG     ! Fdiv1(G) = Vect(G):
Put V = pOSpec k, where p : Spec k  ! BG is the structure morphism. Then, since G is a nite
k-group scheme, any object of the category Vect(BG) is a subquotient of direct products of V ,
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whence Vect(BG) = hV i. The fact that the G-torsor Y  ! X is trivial over G implies that the
vector bundle h(V )jG is trivial. If one writes h(V ) = (F ; E = fE(i); (i)g1i=0; ), this implies that
the vector bundle FjG is trivial. Therefore, as explained in [11, Proof of Lemma 3.15], there exists
an Zariski open U of X such that for any closed point 0 2 jUj0, the restriction h(V )jG0 = FjG0 is
trivial, which implies that YjG0  ! G0 is a trivial G-torsor.
Lemma 4.3.8. Suppose that X is a connected smooth curve over an algebraically closed eld k
of characteristic p > 0 with D = (xi)i2I , where xi are nite distinct closed points of X. Let G be
a nite k-group scheme. Let Y  ! Xr be a G-torsor. Then there exists a family r0 = (r0i)i2I of
integers r0i > 0 with r
0jr and a G-torsor Y 0  ! Xr0 with Y 0 representable by a k-scheme such that
Y ' Y 0 Xr0 Xr
as a G-torsor over Xr.
Proof. First note that a G-torsor Y ! Xr is representable by a k-scheme if and only if the compo-
sition of morphisms
Gxi  ! Xr  ! BkG
is representable. Since the problem is Zariski local, we may assume that #I = 1, so let us put
x = x1, r = r1. Then we have Gx ' Br (cf. Proposition 3.1.11(2)). Fix a section  : Spec k  ! Gx
and identify Gx = Br. The morphism Gx  ! BG uniquely factors through Gx  ! G0  ! BG,
where G0 is a nite gerbe over k, the morphism Gx  ! G0 is a gerbe and G0  ! BG is representable.
Let us dene a nite gerbe H0 over k to be the 2-ber product
H0

//

Gx

Spec k // G0;
where the morphism Spec k  ! G0 is the composition
Spec k
  ! Gx  ! G0;
hence it is canonically lifted to a section of H0. Therefore, we can identify H0 = Br00 for some
integer r00 > 0 with r00 j r. Put r0 = r=r00 and let G0x denote the residual gerbe of Xr
0  ! X above
x. We dene a nite gerbe H over k to be the 2-ber product
H

//

Gx

Spec k // G0x;
where the morphism Spec k  ! G0x is the composition of  with the gerbe Gx  ! G0x (cf. Proposition
3.1.12(1)), hence again we can identify H = Br00 . Now we have two subgerbes H;H0  Gx. Since
k is algebraically closed, we can assume that the representable morphisms H  ! Gx and H0  ! Gx
comes from closed immersions a : r00  ! r and a0 : r00  ! r respectively, which correspond to
surjective homomorphisms b; b0 : Z=rZ  ! Z=r00Z respectively. Since both the surjections b; b0 are
represented by elements of (Z=r00Z), there exists an isomorphism c : Z=r00Z  ! Z=r00Z such that
b0 = c  b, whence a 2-commutative diagram of nite gerbes
H //
'

Gx
H0
>>}}}}}}}
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which implies that the morphism Gx  ! BG factors through G0x if and only if it factors through
G0. Since the latter condition is satised from the denition of G0, the morphism Gx  ! BG
factors through G0x and, moreover the resulting morphism G0x  ! BG is representable. Therefore,
by Corollary 4.3.2, we can conclude that the G-torsor Y  ! Xr descends to a G-torsor Y  ! Xr
which is representable by a k-scheme. This completes the proof.
4.3.3 Brauer groups of root stacks
In this subsection, we always work in the lisse-etale topology (cf. [37]). Let X be an algebraic stack
over a eld k. We denote by Lis-et(X ) the lisse-etale site of X . A gerbe over X always means a
gerbe over the site Lis-et(X ). A gerbe f : G  ! X is said to be abelian if for any (U; u) 2 Lis-et(X )
and any x 2 G(U;u), the sheaf AutU (x) on Lis-et(U) is abelian. If a gerbe f : G  ! X is abelian,
for any (U; u) 2 Lis-et(X ) and any two sections x; y 2 G(U;u), there exists a canonical isomorphism
AutU (x) ' AutU (y) of sheaves. Moreover, there exists a sheaf A of abelian groups on Lis-et(X ) such
that for any (U; u) 2 Lis-et(X ) and any x 2 G(U;u), there exists an isomorphism A(U;u) ' AutU (x)
of sheaves such that for any (U; u) 2 Lis-et(X ) and any two sections x; y 2 G(U;u) the diagram
A(U;u) //
%%KK
KKK
KKK
K
AutU (x)

AutU (y):
is commutative. In other words, there exists an isomorphism of sheaves
fA ' IG
where IG is the sheaf associated with the inertia stack of G. In this case, such a gerbe G  ! X
is called an A-gerbe. Let A be an abelian sheaf on Lis-et(X ). Let G1;G2 be A-gerbes over X .
Then G1 is said to be isomorphic to G2 if there exists a cartesian equivalence of bered categories
 : G1 '  ! G2 over X such that the composition
AG2
'  ! IG2  ! IG1 '  ! AG1 = AG2
is the identity. Then the set of isomorphism classes of A-gerbes can be described as the second
cohomology H2lis-et(X ; A). The zero of the abelian group H2lis-et(X; A) is represented by the bered
category
TORSX (A)  ! X
which classies A-torsors on the site Lis-et(X ).
From now on, we shall consider the multiplicative group A = Gm;X . Let f : G  ! X be a Gm;X -
gerbe. Then G is an algebraic stack over k (cf. [31, Proposition 1.1]). Let F be a quasi-coherent
sheaf on X . Then F admits an action of the inertia sheaf IG , whence of Gm;X , F  Gm;X  ! F ,
which is called the inertia action on F (cf. [38, Denition 2.2.1.6]). On the other hand, F admits
a left action of Gm;X which comes from the left OX -module structure.
Denition 4.3.9. (cf. [38, Denition 3.1.1.1]) With the above notation, a quasi-coherent sheaf F
on G is said to be a twisted sheaf if the right action associated with the left Gm;X -action on G
coincides with the inertia action.
Let us recall the following result.
Proposition 4.3.10. (cf. [38, Lemma 3.1.1.8]) Let X be an algebraic stack over a eld k. A Gm;X -
gerbe G is isomorphic to TORSX (Gm;X ) as a Gm;X -gerbe if and only if there exists an invertible
twisted sheaf L on G.
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Proof. To ease of notation, let us write G0 for TORSX (Gm;X ). First note that there exists an
equivalence of groupoids
HomX (G;G0) ' Pic(G):
Let  : G  ! G0 be an isomorphism of bered categories and L the invertible sheaf on G corre-
sponding to . It suces to show that  is an isomorphism of Gm;X -gerbes if and only if L is a
twisted sheaf on G. Indeed, L is a twisted sheaf on G if and only if the diagram
L Gm;X ' //
&&MM
MMM
MMM
MMM
L  IG

L
is commutative. The commutativity of the diagram amounts to saying that for any section x :
U  ! G the diagram of sheaves
AutU (x)
op //
'
''PP
PPP
PPP
PPP
PPP
AutU (  x)op
'

OU
is commutative. Since IG0 = Gm;G0 , the latter condition is equivalent to the condition that the
composition
Gm;G
'  ! IG  ! IG0 '  ! Gm;G0 = Gm;G
is the identity, or equivalently  is an isomorphism of Gm;X -gerbes. This completes the proof.
Now we apply the above arguments to root stacks. Let X be a geometrically connected smooth
scheme of nite type over the spectrum S = Spec k of a eld k with  the generic point. Let
D = (Di)i2I be a nite family of reduced irreducible eective Cartier divisors on X and put
D = [i2IDi  X. For each r = (ri)i2I with ri > 0, as in x3.1.3, we put
Xr = r
p
D=X:
Recall that there exists a natural quasi-compact morphism  ,! Xr.
Proposition 4.3.11. With the above notation, suppose furthermore that D is a simple normal
crossings divisor on X. Then the restriction map
H2lis-et(X
r;Gm)  ! H2lis-et(;Gm)
is injective.
As a consequence, we have the following.
Corollary 4.3.12. With the same notation as in Proposition 4.3.11, if X is a connected smooth
curve dened over an algebraically closed eld, then we have H2lis-et(X
r;Gm) = 0.
This is an immediate consequence of Proposition 4.3.11 because if X is a connected smooth
curve dened over an algebraically closed eld, then the Brauer group of the generic ber vanishes.
Let us prove Proposition 4.3.11.
Lemma 4.3.13. With the same notation as in Proposition 4.3.11, the root stack Xr is a smooth
Noetherian algebraic stack over S.
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Proof. The smoothness follows from Proposition 3.1.13. Since jXrj = jXj and X is quasi-compact,
Xr is quasi-compact. Since Xr has representable diagonal, for Noetherness, it suces to show
that Xr is locally Noetherian. From the denition of root stacks and the fact that X is (locally)
Noetherian, there exists an fppf cover V  ! Xr with V locally Noetherian. Let Y  ! Xr be a
smooth presentation. Let Y 0 = Y X V . Then the following diagram is 2-Cartesian
Y 0 //

Y

V // Xr:
Note that Y 0 is locally Noetherian. However, since Y 0  ! Y is an fppf cover, this implies that Y is
locally Noetherian (cf. [67, Lemma 034C]). This shows Xr is locally Noetherian (cf. [67, 04YE]).
Lemma 4.3.14. With the same notation as in Proposition 4.3.11, let G  ! Xr be a Gm-gerbe.
Then G is a smooth Noetherian algebraic stack over k.
Proof. By [67, Lemma 06R9], jGj = jXrj = jXj is quasi-compact, which implies that L is quasi-
compact. Since Xr is Noetherian by Lemma 4.3.13, G ' BYGm, locally in the lisse-etale topology,
where Y is a Noetherian scheme, which implies that G is locally Noetherian. This implies that G is
Noetherian. Moreover, since Xr is regular by Lemma 4.3.13, G ' BYGm, locally in the lisse-etale
topology, where Y is smooth over k. This implies that G is smooth over k.
Proof of Proposition 4.3.11. Let G  ! Xr be a Gm-gerbe and [G] 2 H2lis-et(Xr;Gm) the correspond-
ing class. Suppose that [G] = 0 in H2lis-et(;Gm). We have to show that [G] = 0. Since [G] = 0, by
Proposition 4.3.10, there exists an invertible G-twisted sheaf L. Since j :   ! X is quasi-compact,
so is i : G  ! G. Therefore, the sheaf iL is a quasi-coherent sheaf G-twisted sheaf (cf. [37, Propo-
sition (13.2.6)(i)]). Since G is Noetherian (Lemma 4.3.14), according to [38, Proposition 3.1.1.9],
we can write M def= iL as the colimit of coherent G-twisted subsheaves of it as follows.
M = lim !

M
However, sinceM is coherent, we haveM = iM = lim ! i
M = iM for some . By replacing
M by L def= M__ , if necessary, we obtain a reexible G-twisted sheaf L of rank one such that
iL ' L. However, since G is smooth over k by Lemma 4.3.14, any reexible sheaf of rank one
must be invertible. Therefore, again by using Proposition 4.3.10, we can conclude that [G] = 0.
This completes the proof.
4.3.4 Embedding problem over root stacks
Let k be an algebraically closed eld of characteristic p > 0 and S = Spec k. Let X be a projective
smooth curve over k of genus g  0 and of p-rank   0. Let ; 6= U ( X be a nonempty open
subscheme with #X n U = n + 1  1. Let X n U = fx0; x1;    ; xng. We shall denote by X the
smooth ane curve X n fx0g and consider D = (xi)ni=1 as a family of reduced distinct Cartier
divisors on X. For each family r = (ri)
n
i=1 2
Qn
i=1 Z0 of integers, we denote by Xp
r
= p
rp
D=X
the root stack associated with X and the data (D; pr). As X is an ane smooth curve over k, by
Corollary 4.3.2, we can nd that
dimkH
1
fppf(X
pr ; p) =1: (4.3.1)
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On the other hand, there exists an exact sequence
0  ! Pic(X)  ! Pic(Xpr)  !
nY
i=1
H0(xi;Z=priZ)  ! 0: (4.3.2)
From the denition of root stacks, for any two families r; r0 of positive integers with r  r0, there
exists a natural morphism of algebraic stacks
Xp
r0  ! Xpr :
Then the exact sequence (4.3.2) implies that there exists an exact sequence
0  ! Pic(X)  ! lim !
r
Pic(Xp
r
)  ! (Qp=Zp)n  ! 0: (4.3.3)
Since X is ane, this implies that the abelian group lim !r Pic X
r is p-divisible.
Lemma 4.3.15. Let r = (ri)
n
i=1 be a family of positive integers. Then we have the following.
(1) Hqfppf(X
pr ;Ga) = 0 for any q > 0,
(2) H0fppf(X
pr ;Gm) = k,
(3) H1fppf(X
pr ;Gm) = Pic(Xr).
(4) H2fppf(X
pr ;Gm) = 0.
Proof. (1) First note that there exists a natural isomorphism
Hqfppf(X
pr ;Ga)
'  ! Hqlis-et(Xp
r
;Ga) = Hq(Xp
r
;OXpr )
for any q  0 (cf. [16, Theoreme B.2.5]). Next since X is ane, by [16, Proposition A.2.5(2)], we
have
Hq(Xp
r
;OXpr ) ' H0(X;RqrOXpr )
for any q  0. On the other hand, since pr : Xr  ! X is cohomologically ane and Xr has ane
diagonal, RqrOXpr = 0 for any q > 0 (cf. [5, Remark 3.5]). Therefore we can conclude that
Hqfppf(X
pr ;Ga) = 0
for any q > 0.
(2) This follows from
H0fppf(X
pr ;Gm) ' H0lis-et(Xp
r
;Gm) = lim  
(U;u)2Lis-et(Xpr )
Gm(U)
'   lim  
(U;u)2Lis-et(Xpr )
 (U;OU )
' H0(Xpr ;OXpr )
' H0(X;rOXpr ) = H0(X;OX) = k:
Here, note that rOXpr = OX . Moreover, for the last equality, we have to use the assumption that
X nX = fx0g and X is a projective smooth connected curve over k.
(3) See [16].
(4) This follows from Corollary 4.3.12 together with [16, Theoreme B.2.5].
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Lemma 4.3.16. We have the following.
(1) For any integer s  1 and any two families r; r0 of positive integers with (s)ni=1  r  r0, we
have Pic(Xp
r
)[ps] = Pic(Xp
r0
)[ps].
(2) For any two integers s; s0  1 and any family r of positive integers with r  (s)ni=1  (s0)ni=1,
we have Pic(Xp
r
)[ps] = Pic(Xp
r
)[ps
0
].
(3) For any family r of positive integers, we have Pic(Xp
r
)=pPic(Xp
r
) ' (Z=pZ)n.
Proof. This can be veried by using the exact sequence (4.3.2).
Lemma 4.3.17. For any integer m > 0, we have lim !rH
1
fppf(X
pr ; pm) ' (Z=pmZ)+n.
Proof. By Lemmas 4.3.15(2)(3) and 4.3.16(1), we can nd that
lim !
r
H1fppf(X
pr ; pm) ' lim !
r
H1fppf(X
pr ;Gm)[pm] ' lim !
r
Pic(Xp
r
)[pm] = Pic(Xp
r
)[pm]
for arbitrary xed family r  (m)ni=1. Since H1fppf(X;pm) ' H1fppf(X;pm) ' (Z=pmZ) , the
assertion follows from the exact sequence (4.3.2) together with the fact that Pic(X) is a p-divisible
group.
Lemma 4.3.18. We have the following.
(1) H2fppf(X
pr ; p) = 0 for any n-tuple r of integers  0.
(2) lim !rH
2
fppf(X
pr ; p) = 0.
Proof. (1) This follows from Lemma 4.3.15(1) together with the long exact sequence associated with
the exact sequence
1  ! p  ! Ga  ! Ga  ! 1:
(2) We will prove that the transition map
H2fppf(X
pr ; p)  ! H2fppf(Xp
r+1
; p)
is the zero map for all r. By Lemma 4.3.15(4), for any family r of positive integers, there exists an
isomorphism of abelian groups
Pic(Xp
r
)=pPic(Xp
r
)
'  ! H2fppf(Xp
r
; p):
Therefore it suces to show that the composition
Pic(Xp
r
) // Pic(Xp
r+1
) // // Pic(Xp
r+1
)=pPic(Xp
r+1
)
is the zero map. To prove this, it suces to notice that there exists a commutative diagram
0

0 // Pic(X) // Pic(Xp
r
) //

Qn
i=1 Z=priZ // _

0
0 // Pic(X) // Pic(Xp
r+1
) //

Qn
i=1 Z=pri+1Z //

0
Pic(Xp
r+1
)=pPic(Xp
r+1
)
' // Qn
i=1 Z=pZ

0
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where the right vertical sequence is exact. This completes the proof.
Theorem 4.3.19. Let G be a nite local nilpotent k-group scheme. Suppose that there exists an
injective homomorphism X(G) ,! (Qp=Zp)+n of abelian groups. Then there exists a faithfully
at k-homomorphism
loc(Xp
r
) // // G
from the local fundamental group scheme of Xp
r
onto G for some n-tuple r = (ri)
n
i=1 of integers
ri  0 such that the corresponding G-torsor over Xpr is representable by a k-scheme Y .
Proof. By virtue of (4.3.1) and Lemmas 4.3.17 and 4.3.18, the same argument in the proof of
Proposition 4.1.10 can work. Therefore, there exists a surjective homomorphism
loc(Xp
r
) // // G
for some n-tuple r. Let Y  ! Xpr be a corresponding G-torsor. Then by applying Lemma 4.3.8,
we can nd r0  r and a G-torsor Y 0  ! Xpr0 where Y 0 is a k-scheme such that
Y ' Y 0 
Xp
r0 X
pr
as a G-torsor. Then the homomorphism loc(Xp
r0
)  ! G associated with Y is surjective. This
completes the proof.
Corollary 4.3.20. Let G be a nite local abelian k-group scheme. Suppose that there exists an
injective homomorphism X(G) ,! (Qp=Zp)+n. Then there exists an n-tuple r of integers ri  0
and a tamely ramied G-torsor Y  ! X with ramication data (D; pr) such that the restriction
Y X U  ! U gives a Nori-reduced G-torsor.
Proof. This is immediate from Theorem 4.3.19 together with Lemma 4.3.7.
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